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2 Leslie

Leslie . t

a Pt (a)

ma ≥ 0

Pt (a) =

α∑
a=0

maPt (a) (1)

0 ≤ pa ≤ 1 :

Pt+1 (a+ 1) = paPt (a) (2)

α

Pt+1 = LPt Pt := (Pt (a))0≤a≤α

L : =

⎡
⎢⎢⎢⎢⎢⎣

m0 m1 · · · ma · · · mα

p0 0 · · · 0 · · · 0
0 p1 · · · 0 · · · 0
... 0

. . . 0 · · · 0
0 · · · 0 · · · pα−1 0

⎤
⎥⎥⎥⎥⎥⎦

(3)
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L Leslie L

Pt = LtP0 =
α∑

k=0

λt
k

〈Uk,P0〉
〈Uk,Vk〉Vk |λk| ≥ |λk+1| .

λk L k Uk Vk

〈·, ·〉 λ0

(intrinsic rate of natural increase), reproductive value

(stable age distribution) [1]

Pt ≈ λt
0

〈U0,P0〉
〈U0,V0〉V0 t → ∞. (4)

Perron-Frobenius theorem “

” λ0

V0

3

100 Leslie 5 5

5

5

sensitivity

analysis [2]

: ∂λ0

∂ma

∂λ0

∂pa

*1

:

λ0V0 = LV0.

*1 ∂
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L L → L′

ΔL := L′ − L

L

L′ = L+ΔL

L′ λ′0

λ′0 = λ0 +Δλ0, Δλ0 := λ′0 − λ0

λ0V0 +Δλ0V0 = LV0 +ΔLV0.

U0

Δλ0 〈U0,V0〉 = U0ΔLV0

a Δpa . ΔL

ΔL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 · · · 0 · · · 0
0 0 · · · 0 · · · 0

0
. . . · · · 0 · · · 0

... · · · Δpa 0 · · · 0

... 0 · · · 0 · · · 0

0 · · · 0 · · · . . . 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

U0 = (u0 (a))
�
0≤a≤α , V0 = (v0 (a))0≤a≤α

*2

Δλ0 〈U0,V0〉 = Δpau0 (a+ 1) v0 (a) (5)

∂λ0

∂pa
=

u0 (a+ 1) v0 (a)

〈U0,V0〉 ,
Δλ0

Δpa
→ ∂λ0

∂pa
(6)

Δma
∂λ0

∂ma
=

u0 (0) v0 (a)

〈U0,V0〉 (7)

⊗

S =
U0 ⊗V0

〈U0,V0〉 (8)

sensitivity matrix

*2
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4

Leslie

4.1

λ0V0 = LV0,

λ0v0 (a) = pa−1v0 (a− 1) .

v0 (a) = λ−a
0 lav0 (0) , la :=

{∏a−1
x=0 px 0 < a

1 0 = a
. (9)

la a v0 (0)

Leslie 1

λ0v0 (0) =
α∑

a=0

maλ
−a
0 lav0 (0)

1 =
α∑

a=0

λ−a−1
0 mala,

Euler–Lotka

1 =
α∑

a=0

λ−a−1mala. (10)

v0 (0) = 1 –

4.2

λ0U0 = U0L.



λ0U

�
0 = L�U�0

λ0u0 (a) = u0 (0)ma + pau0 (a+ 1)
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u0 (a) :

u0 (a) = u0 (0)
α∑

x=a

λ
−(x−a+1)
0 mx

lx
la
. (11)

u0 (0) a

Leslie

R.A.Fisher (1890 1962) a

x mx
lx
la

x λ
−(x−a+1)
0

1 < λ0 λ0 < 1

5

Eq.(9) Eq.(11)

〈U0,V0〉 =
α∑

a=0

u0 (a) v0 (a)

= u0 (0)
α∑

a=0

α∑
x=a

λ
−(x+1)
0 mxlx

= u0 (0)
α∑

x=0

x∑
a=0

λ
−(x+1)
0 mxlx

= u0 (0)
α∑

x=0

xλ
−(x+1)
0 mxlx

= u0 (0)
α∑

a=0

aλ
−(a+1)
0 mala (12)

Eqs.(6) (7)

∂λ0

∂pa
=

∑α
x=a+1 λ

−x
0 mxlx

pa
∑α

a=0 aλ
−(a+1)
0 mala

(13)

∂λ0

∂ma
=

λ−a
0 la∑α

a=0 aλ
−(a+1)
0 mala

(14)

λ−x
0 mxlx

1 < λ0

0 “

”

1 < λ0 la λ−a
0
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α∑
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λ−x
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