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intraluminal pressure relations and the axial force versus intralu-
minal pressure relations as the intraluminal pressures increase
from O to 16 kPa (120 mmHg) for axial stretch ratios of 1.2, 1.3,
and 1.4. These results are similar to the data for the porcine LAD
by Wang et al. [25] and validate the model used in this study. It
should be noted that the axial stretch ratios in Fig. 3 are defined
with regard to a stress-free state, although the experimental axial
stretch ratio was defined with regard to an unloaded state. How-
ever, this difference is very small, as shown in Fig. 2, and is
experimentally negligible.

The strain and stress distributions at an intraluminal pressure of
16kPa and an axial stretch ratio of 1.3 are shown in Fig. 4. This
pressure was chosen because it is a physiological one. The axial
stretch ratio is also considered as a physiological one from a
review by Humphrey et al. [27], who indicated that the axial force
is almost constant with a change of intraluminal pressure under in
situ axial stretch. Of the three axial stretch ratios, an axial stretch
of 1.3 almost satisfies this condition. The boundary between
media and adventitia is located at the radius where the discontinu-
ity of distribution occurs in Fig. 4. The circumferential strain in
the media linearly increases from the intraluminal surface to the
boundary (Egs. (8) and (10)). This is because of the opening angle
of the medial layer sector being larger than n(rad) as explained
above. On the other hand, the opening angle of the adventitial
layer is smaller than n(rad). The circumferential strain linearly
decreases from the boundary to the outer surface: The circumfer-
ential stress distribution ‘drastically changes between the media
and the adventitia. The circamferential stress at the boundary is
almost six times larger than the stress at the intraluminal surface
in the media. On the other hand, the stress is low and almost uni-
form in the adventitia. It is because of the difference of the con-
stants in the strain energy function. At axial stretch ratios of 1.3
and 1.4, the media is much stiffer than the adventitia in the cir-
cumferential direction, as shown by Wang et al. [19]. This

Journal of Applied Mechanics

explains the drastic stress difference between the media and
adventitia, although the value of circumferential strain is not too
different between the two layers. The radial strain is almost uni-
form through the wall thickness.

Figure 5 shows the strain and stress distributions at an intralu-
minal pressure 24 kPa (180 mmHg). This pressure is higher than
the maximal experimental value [19]. However, an extrapolation
may be allowed. The object of this calculation is to understand the
change in stress distribution. during hypertension. The pattern of
the strain distribution at a pressure of 24 kPa is similar to that at a
pressure of 16 kPa because the radius change is small under higher
pressures, although the value of circumferential stress increases

“almost twice at a pressure of 24 kPa. In in vivo hypertension, a

remodeling of vessel wall occurs as demonstrated by Matsumoto
and Hayashi [14]. This study suggests that hypertension may
cause a remodeling in the media rather than in the adventitia.

4 Discussion

The magnitude of the residual stress of an artery is extremely
small compared with the stress under physiological conditions.
Thus it is not sufficient to relieve all residual stress by making a
radial cut of a sliced ring of the artery. In fact, Matsumoto and
Sato [28] showed a change in opening angles among four sepa-
rated layers in a bovine thoracic aorta. They found that the open-
ing angle linearly decreases from the inner to the outer layer. For
coronary arteries, the media and adventitia were separated and
each layer was sectioned radially. While these treatments may not
be sufficient to relieve all residual stress, it is impossible to sepa-
rate many layers and then obtain the three-dimensional nonlinear
constitutive law for each layer.

Matsumoto and Hayashi [14] showed that the circumferential
stress gradient through the wall of a normal rat aorta was larger
than that expected from homeostatic control with remodeling,
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although it was obtained by a monolayer elastic model and the
opening angle being smaller than n(rad). Thus, there may be a
considerable circumferential stress gradient under physiological
conditions of normal arteries. Their results also showed that the
circumferential stress gradient in hypertensive rats was more mod-
erate than that in normal rats and the mean circumferential sys-
tolic stress was almost the same between the normal and
hypertensive rats due to thickening of the media in the hyperten-
sive rats.

In this study, the intima of the artery was neglected because it is
significantly thinner than the media and adventitia. In animal experi-
ments, it is difficult to separate the intima from the media, however,
Holzapfel et al. [16] studied human coronary arteries. They showed
that the intima of aged human arteries thickens and can be separated
and determined the parameters of a strain energy function by the
stretch experiments for strip specimens of each layer.

It is well known that shear stress induced by blood flow is
deeply related to localization of atherosclerotic lesions [29],
although the role of stress in an arterial wall is not known better
than that for shear stress. We also need to know the pathological
role of the wall stress. To attain this objective, we need to know
the accurate stress distribution in the vessel walls.

5 Conclusion

Strain and stress distribution in the porcine LAD wall was ana-
lyzed on the basis of a bilayer elastic model consisting of the
media and adventitia considering residual stress (strain). This
study showed that peak circumferential stress appears at the
boundary in the media region under physiological conditions. The
high stress in the media compared with the stress in the adventitia
may induce a remodeling of the media during hypertension.
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It is well known that arteries are subject to residual stress. In
earlier studies, the residual stress in the arterial ring relieved by a
radial cut was considered in stress analysis. However, it has been
found that axial strips sectioned from arteries also curled into
arcs, showing that the axial residual stresses were relieved from
the arterial walls. The combined relief of circumferential and axial
residual stresses must be considered to accurately analyze stress
and strain distributions under physiological loading conditions. In
the present study, a mathematical model of a stress-free configura-
tion of artery was proposed using Riemannian geometry. Stress
analysis for arterial walls under unloaded and physiologically
loaded conditions was performed using exponential strain energy
functions for porcine and human common carotid arteries. In the
porcine artery, the circumferential stress distribution under physi-
ological loading became uniform compared with that without axial
residual strain, whereas a gradient of axial stress distribution
increased through the wall thickness. This behavior showed almost
the same pattern that was observed in a recent study in which ap-
proximate analysis accounting for circumferential and axial resid-
ual strains was performed, whereas the circumferential and axial
stresses increased from the inner surface to the outer surface
under a physiological condition in the human common carotid ar-
tery of a two-layer model based on data of other recent studies. In
both analyses, Riemannian geometry was appropriate to define the
stress-free configurations of the arterial walls with both circumfer-
ential and axial residual strains. [DOIL: 10.1115/1.4025328]

Keywords: residual stress, arteries, stress-free configuration,
Riemannian geometry

1 Introduction

Residual stress plays an important role in the stress distribution
of cardiovascular tissues [1]. The importance of residual stress in
an artery was demonstrated by Chuong and Fung [2], who ana-
lyzed stress under physiological loadings. Thereafter, the radially
cut open arterial ring was implemented in stress analysis for the
arterial wall. It is important that axial residual strain exists and
that it may significantly vary throughout the arterial wall [3,4].
Circumferential and axial residual strains were studied in detail by
Holzapfel et al. [S] in human aortas. Holzapfel and Ogden [6] ana-
lyzed the residual stretch ratios and stresses on the basis of the
data from the above investigation [5] using the neo-Hookean
strain energy function for a three layer model. Using the Fung-
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type strain energy function [7,8], Wang and Gleason [9] analyzed
stress distribution in an artery wall under a physiological loaded
condition accounting for circumferential and longitudinal residual
strains and showed that the circumferential stress distribution
through the wall thickness became uniform compared with the
case of no longitudinal residual strain whereas the gradient of lon-
gitudinal stress increased. Wang and Gleason [9] considered both
the circumferential and longitudinal residual strains, although
their mathematical analysis was an approximation. A mathemati-
cal model to analyze the stress in arterial walls accounting for
both circumferential and axial residual strains has not been
proposed yet.

In the present paper, we assumed that both the opened-up ring
cut radially and curled axial strip are stress free and showed that
Riemannian geometry is appropriate to define a stress-free config-
uration [10,11] of an arterial wall (i.e., in general, a stress-free
configuration of an artery may be a three-dimensional non-Euclid-
ean manifold). We analyzed stress in a porcine common carotid
artery based on one-layer model [9] using a stress-free configura-
tion and the Fung-type strain energy function to validate the
method presented in this paper and a human common carotid
artery based on two-layer model using stress-free configurations
[12] and a strain energy function [13,14] with constants
determined by Sommer and Holzapfel [14].

2 Methods

2.1 Kinematics. As discussed previously [10,11], a stress-free
configuration for a body with residual stress may be generally
defined as a Riemannian manifold. In this study, we briefly describe
this theory. Let % be a set of material points of a considered solid
body and <0;xk; gw) a curvilinear coordinate system in a three-
dimensional Euclidean space E>. Here, O is the origin of the coordi-
nate system, x* (k=1, 2, 3) coordinates, and g components of a
metric tensor of the coordinate system. Because we treated a thick-
walled cylindrical vessel, a cylindrical coordinate system x'=,
¥ =z, and x* =r with components of a metric tensor g1; = ggg = P,
82=8-=1,83=g,=1,and gy = O(k # /) was adopted.

The current configuration y : # — E° is a configuration that
maps a material point p to x= ol 22 )= (). The configura-
tion x is denoted by x for a configuration of the unloaded state. In
this case, the material point p is mapped as &= (¢!, &, &)= k(p)
with components of a metric tensor y,; = g,p(¢). For the
unloaded configuration, a cylindrical coordinate system =9,
= ad &=p with V1= Vs =P V= Yo =1,
V33 = ¥pp = 1, and y,5 = O(a # f§) was adopted. If there is no re-
sidual stress, k is considered a stress-free reference configuration.
In later paragraphs, we treated unloaded separate segments for an
adventitia and a media-intima of an artery, whereas in the next
two paragraphs we expressed a stress-free configuration for a one
layer model to avoid complexity of symbols.

Even if a solid body x(Z) has residual stress, we may introduce
components of a metric tensor 1,4 to obtain a stress-free configu-
ration. We shall call the solid body k(%) with components of the
metric tensor 7,4 Riemannian stress-free configuration. The infini-
tesimal small distance ds between two material points in the
stress-free body is given by the following equation:

ds* = r;mﬁdf“dfﬁ )]

This infinitesimal quadratic form defines the Riemannian stress-
free configuration. The Green strain of a current configuration
with regard to the Riemannian stress-free configuration is defined
by the following equation:

© 1 /0% ox
Eup = 3 (ézggggld - 'hﬂ) @

The covariant components of the Riemann—Christoffel tensor
are defined as follows [15]:
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where n‘ss denotes reciprocal components of the metric tensor 7,z
and I's,, the Christoffel symbols of the first kind with #,4. The
Riemann—Christoffel tensor is used to determine whether the
Riemannian stress-free configuration is Euclidean or not. In
the three-dimensional space, distinct covariant components of
the Riemann—Christoffel tensor Rizi2 = Rorsr, Ri313 = Repop,
Ra323 = Ripips Ri2is = Rorsp, Ra123 = Rysrps Raisa = Rpgpr may
not vanish [15]. Therefore, we are allowed to only check the
above six components of the Riemann—Cristoffel tensor.

Arterial sectors of rings cut radially and axial arcs sectioned
from an adventitia and a media-intima of a vessel segment are
schematically shown in Fig. 1. We assume that the infinitesimally
thin sliced sectors and narrow curled axial strips are stress free.
For the unloaded configurations, the principal stretch ratios of
circumferential, axial, and radial directions with regard to the
stress-free configurations are determined by the following

equations:
2
X9 = ————F—)—){— = VX1919 (R < RX < RXw le S pX < pXo)
OxoRx '\ xgs
Ix Vxig
A Sxo < Sx < Sxi
=05\ e (Sx0 < Sx < Sxi) @)
A _dpx _ _dpx _ [Vxpp
Xp = T Al
dRX dSX ’7pr

where X denotes A (adventitia) or M/ (media-intima), and px, Ry,
and Sy are radius of a material point py in each unloaded configu-
ration, the stress-free circumferential sector, and the arc of the
axial strip of adventitia or media-intima, respectively. The length
of Iy denotes the axial length of the unloaded segment of adventi-
tia or media-intima. Here, it should be noted that X is not a sub-
script that indicates a covariant tensor component. The angles are
expressed in radians. The last line in Eq. (4) results in

114505-2 / Vol. 135, NOVEMBER 2013

— Sx = Ry — Rx;. This equation implies that the thickness of a
circumferential strip is equal to the axial one. This is consistent
with the experiment [5]. Because the configuration ¥y, {x, and px
with #x,s was assumed as a Riemannian stress-free configuration,
the following relationships are derived from Eq. (4):

OxoRx PxoSx )
Hxe9 = o y Mxp = Iy )
_ (dRx\?_ [dSx\?
Toiop = dpx) dpx
and 7y,s = O(a # f). In this case, Eq. (3) shows that a covariant

component of the Riemann—Christoffel tensor for adventitia or
media-intima is as follows:

&)

(6)

The other five components vanish. The nonvanishing Rie-
mann-Christoffel tensor implies that the Riemannian stress-free
configuration is not Euclidean.

Because the incompressibility of the arterial wall [16] results in
AxsAx;Ax, = 1, the relationship between py and Ry is given by
the following equation:

Ox ¥
pX:\/ X0 X"{ 2R3 +3(Rxi + Sxi)R% — (Rxi +3Sxi)R%; } + p;
(7

It is easily demonstrated that py; = py(Ryx;) and py increases as
Ry increases for Ry € [Rx;, Rx,]. For the unloaded intact state, the
deformation may be described with regard to the unloaded
configuration of the media-intima

Paar ~ Paaii
_____&_Fpl

9= '(9MI> A
MIL

{= Al p= (&)

where AMIC = 1, /Iy The deformation of the unloaded intact state
with regard to the unloaded state of the adventitia may be
described as follows:
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V=94, (=Asls, p= —A]\—ﬁ—kpﬁz 9)

AL

where AAg = 1, /14 and the radius p,, is given by the Eq. (8)

2 2
p 0 _p T
P = _A’”~—W+pi2
Vo Awr

The other stretch ratios of the unloaded intact configuration with
regard to each unloaded separate configuration are defined as
follows:
- px dp
Axy = — Axp, =— (1
px’ P dpy
For the axially stretched and pressurized state, the deformation
may be described with regard to the unloaded intact state

2
i

1

B
N
)

P

(12)

\.
Il
l

+r?

z

where L denotes a constant axial stretch ratio with regard to the
unloaded intact state. The stretch ratios of the loaded state with
regard to the stress-free states are as follows:

dr

:%AXpAXp (13)

Ay = %;\x&/\xm A= AstAxe, A

where we need values of Ry;, Rx,, Sxi, ®xo, Yxo, Rx, L., A, and r;
to compute A (k = 6,z,7) at a radius r(Ry) in a deformed configu-
ration. Because an artery is cylindrically orthotropic [ 7], intralu-
minal pressurization and constant axial stretch result in no shear
strains in the cylindrical coordinate system.

2.2 Strain Energy Function. In this study, the Fung-type
strain energy density function [9] was used to analyze the stress
distributions for the porcine common carotid artery. For the
human common carotid artery, a structurally-based strain energy
function [13,14] was used. This function is described as follows:

&
2

ky

77
ky

(i —3)+-(exp0—1)

Q=kz{(1—c)(11—3)2+g(14—1)2} (14)

L=+ 2+, Ii=Acos’ o+ A2sin’ @

where p and k; denote constants with the dimension of energy
density, k» and ¢ € [0, 1] dimensionless constants. The angle ¢
may be interpreted as the (mean) angle between the fiber direction
and the circumferential direction. These constants are different
between the media-intima and the adventitia. The invariant /4 is
larger than 1. If /, becomes smaller than 1 in computing, it must
be set 1. For the incompressibility of the arterial wall [16], the
Lagrange multiplier H is introduced in the stress-strain relation-
ship. Therefore, the components of the Cauchy stress are as
follows:

oW
Uka_H+)~ka—lk'(k=9,Z,I‘) (15)

where the summation convention with subscripts is not used.
2.3 Equilibrium Condition for the Cauchy Stress. The only

nontrivial equilibrium equation for the physical components of
the Cauchy stress is as follows:

Journal of Biomechanical Engineering

do,, 0, —0
S g 2 TN (16)
dr r

The boundary conditions are as follows:

0',-,-(1',‘) = —Piv G',-,-()‘a) = "'Pa =0 (17)
where r; and r, denote the inner and outer radii of the vessel,
respectively, and P; is the intraluminal pressure. The radial stress
is integrated as follows:

onta) = [ L= 00y

a r

(ri<a<r,) (18)

The circumferential stress o4y and the axial stress o, have discon-
tinuity at the boundary r, between the media-intima and the
adventitia, while the radial stress o,. is continuous. From the
boundary condition at the inner surface, the intraluminal pressure
results in the following:
To =
P = J 5= e (19)

. 7
An axial force F, is calculated by the following equation:

To 1
O rdr = 27‘CJ {az. = (000 + G,—,»)}rdr

Ti

T
F,= —m‘izP,- + 27:Jl
7

(20)

The above two integrals may be numerically determined with an
inner radius and axial stretch ratio with regard to the unloaded
configuration if the stress-free configurations and the strain energy
functions are provided. Since for the provided configuration of the
unloaded state the intraluminal pressure and the axial force do not
vanish in the calculation, we take the numerically obtained values
P Pl ph, and I, to satisfy P; =0 and F. =0 as an adjusted
unloaded intact configuration. Thereafter, we compute the residual
stress and strain.

3 Results

The distributions of stretch ratios and stresses through the wall
thickness in the one-layer model of the porcine common carotid
artery in the unloaded state and those under a physiological condi-
tion (P;=16kPa, A, = 1.5) were computed using the dataset from
the study of Wang and Gleason [9]. Figure 2 shows the stretch
ratios and stresses under the unloaded condition considering the
curl of the axial strip sectioned from the artery. Figure 3 shows
the stretch ratios and stresses under the physiological condition.
The circumferential stress was almost uniform through the wall
thickness, whereas the axial stress was a higher gradient compared
with that only accounting for an opening angle of the circumferen-
tial sector, which is defined as the angle subtended between two
lines originating from the midpoint to the tips of the inner surface
of a radial section of the vessel ring. Wang and Gleason [9]
adopted the same assumption on the residual strains, although
they performed an approximate analysis based on one-layer
model. If the present method was used, different constants in the
strain energy function might have been obtained from the same
experiment [9]. However, the distributions of stress under the
physiological condition show almost the same pattern as the
results by Wang and Gleason [9], whereas the magnitude of the
circumferential and axial stresses is rather larger than that
reported previously [9].

We computed the stretch ratios and stresses based on the two-
layer model described in the method section of the present paper
from the dataset of Sommer et al. [12] and Sommer and Holzapfel
[14]. Because we lacked some of data to compute the distributions
of stresses, we had to assume plausible values. The dataset used in
the computing are shown in Tables | and 2. The axial stretch
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Fig. 2 Residual stretch ratios (a) and residual stresses (b) based on one-layer model account-
ing for circumferential opening sector and axial arc dissected from a porcine common carotid
artery. Radius denotes that of the unioaded configuration.
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Fig. 3 Stretch ratio (a) and stress (b) distributions under a physiological load accounting for
circumferential opening sector and axial arc dissected from a porcine common carotid artery.
Radius denotes that of the physiologically loaded configuration.

Table 1 Dimensions for stress-free configurations of media-
intima (M) and adventitia (A) estimated from the data in refer-
ence [12]. Axial length /,of the unloaded intact segment was
15mm.

Media-Intima
Ryui=5.917 mm, Ry, = 6.617 mm, @0 =187.3 deg
Spui=71.429 mm, Sy, =70.729 mm, Wyz0 = 12.34 deg

Adventitia
R4 =4.184mm, R4, =4.654 mm, O 4o= 306.7 deg
S4;=8.000mm, Sy, ="7.530mm, 40 =102.5deg

ratios Apyr = 0.98 and Ay = 1.08 (mean values of segments)
were observed in the study of Sommer et al. [12].

Figure 4 shows the residual stretch ratios and stresses. Disconti-
nuity at the radius of the boundary between the media-intima and
the adventitia is evident. The circumferential stretch ratio was
compressive on the inner side and tensile on the outer side in the
media-intima and the same pattern appeared in the adventitia,
whereas the circumferential stretch ratio was almost 1 through the
adventitia region. The axial stretch ratio was compressive in the
media-intima, whereas it was tensile in the adventitia. The resid-
ual stresses of the circumferential and axial directions increased
from the inner surface to the outer surface although there was the
discontinuity at the boundary between the media-intima and the
adventitia. B

Under a physiological condition (P;=16kPa, 4, =1.1), the
stretch ratios and stresses were computed and they are shown in
Fig. 5. The circumferential and axial stresses increased from the
inner surface to the outer surface in the loaded intact arterial wall,
although there was the discontinuity at the boundary between the

114505-4 / Vol. 135, NOVEMBER 2013

Table 2 Constants in strain energy function determined
accounting for circumferential and axial residual strains for
media-intima and adventitia of human common carotid artery in
reference [14]. The method of analysis [14] is different from that
described in the present paper.

 (kPa) ky (kPa) ko ¢ (deg) ¢
Media-Intima 122.3 24.7 16.5 6.9 0.8
Adventitia 59.6 180.9 109.8 30.1 0.8

media-intima and the adventitia. This result was different from
that expected from the porcine common carotid artery. These high
gradient distributions of stress may not match homeostatic func-
tion of living organs although we could not avoid these results.

4 Discussion

In this study, we have proposed a method to analyze the stress
distributions of a thick-walled artery considering both circumfer-
ential and axial residual strains. Holzapfel et al. [5] have measured
the curvatures of strips sectioned from adventitia, media, and
intima for the human abdominal aorta. Their results showed that
strips of the adventitia appear to be relatively flat in the both
directions, while strips of the media exhibit negative curvatures in
both directions. Circumferential strips of the intima have pro-
nounced positive curvatures, while axial strips are relatively flat.
These data show that Egs. (4)—(7) in the present study are not
valid in some cases. If the opening angles of strips are n(rad), i.e.,
the strips are flat, at least in one direction, the mathematical model
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Fig. 5 Stretch ratio (a) and stress (b) distributions under a physiological load accounting for
circumferential opening sectors and axial arcs of media-intima and adventitia dissected from a
human common carotid artery. Radius denotes that of the physiologically loaded configuration.

proposed by Holzapfel and Ogden [6] should be applied to ana-
Iyze the stress distributions in a vessel wall.

Sommer et al. [12] and Sommer and Holzapfel [14] studied
human carotid arteries with intact wall and dissected layers. We
analyzed stress distributions in the two-layer model for their
human common carotid artery. We found that the distributions of
the circumferential and axial stresses increase from the inner sur-
face to the outer surface under physiological conditions consider-
ing both circumferential and axial residual strains estimated from
previously published data [12] and using mean values of constants
[14] in the strain energy function proposed by Holzapfel et al.
[13]. However, our analysis may not be reliable because of the
uncertainty of center angles of ®xg and Wy, for each layer. Even
so, in the aged human carotid arteries [14], the residual strains
might result in a high gradient of the stress distribution instead of
a uniform distribution. If the present result is correct, the residual
stress in arteries may not necessarily induce uniform stress distri-
butions under physiological loadings.
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Development of Microporous Covered Stent for Cerebral Aneurysm Treatment
(Hydrodynamical Evaluation of Stent Embolization and Optimization of Pore Design of
Mlcroporous Fllm)
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The authors have been developing a microporous covered stent as a newly device for cerebral aneurysm treatment.
This stent has a porous film to control both embolization and rapid neointimal formation. According to previous study,
it is expected that the neointimal formation becomes earlier by using much larger pores. But there is a possibility that
the covered stent with large pare cannot embolize by increasing inflow from the parent vessel. The purpose of this
study is estimation of stent embolization and optimization of pore design to ensure compatibility between reliable
embolization and controlling early neointimal formation, in-vitro experiment under the steady flow condition based on
flow similarity law has been conducted by using a two dimensional parent vessel model with a saccular aneurysm
model and simplified micro-porous film models. The PIV results show that mean shear rate in the aneurysm model
after stenting, of which pore diameter is <300pum and porosity is 60%, was decreased to less than 1/10 of before stenting.
According to flow visualization, it is considered that viscous shear force caused by shear flow in the vicinity of the
parent vessel wall drives the blood in the aneurysm cavity passing through the micro-pores on the film. ~ As the result
of the driving force estimating, it is suggested that ratio of the viscous shear force to rotational moment of the blood in
the aneurysm cavity is one of the important hydrodynamical parameter to estimate the flow pattern in aneurysm and the

stent embolization.

Key Words - Micro-Porous Covered Stents, Micropores Fllm Aneurysm Embohzatlon Shear Rate, In-Vitro
Experiment
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Fig. 2 Schematic diagram of simplified 2-dimansional cerebral aneurysm model.
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