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Accordingly, the components in Eq. (5) can be explicitly expressed as:

Cimn = 11 (Ci111 — Coaz) + 212 (Clizn — Cogp +2CTh1) + Coa, 13)
Ciizz = I (Cli11 — 2C1z2 + Cappp — 4C1o10) + China, (14)
Cuzs = 11 (Cling — C3x33) + I (CTian — Ca33) + Coss, (15)
Cooi1 = I (Clyyy — 2CT10 + Cogp — 4Chh1p) + Chigas (16)
Caom = 11 (C3ypp — Cii11) + 12 (2CT120 +4Cho15 — 2C1111) + Chun,s a7
Ca233 = 11 (C3p33 — Cl1za) + 2 (Cop33 — Chiza) + Cinas (18)
Cas11 = (I1 + b) (CTipn — Cha33) + Conas, (19)
C332 = (I + 1) (Ca33 — Chipn) + Chima, (20)
C3333 = Ciaa, (21
Ciaz = I (Ciyyy — 2CT1m + Copp — 4Chh1p) + Chaa, (22)
Cosos = (It + 1) (C3303 — Chapa) + Chonas (23)
Cis13 = (I + D) (Chaip — C3303) + Cinns- (24)

The effective longitudinal Young’s modulus in the 1-direction, E 1, s given as:

- 1 _ -
Ei=——, where D=C"1. (25)
Dii11

Based on Eq. (25) and a simple volume summation, the reinforcing capability of wavy CNT is evaluated by
the following equation ([1,26,34]):
(26)

. E;—(Q—¢)E"
Ewavyzil_%%-

Figure 2 shows the variations of Eya,yy associated with the waviness factor, w = A/L. As clearly displayed,
the fiber waviness significantly lowers the effectiveness of CNT The present analysis tends to estimate higher
modulus compared to the FEM analysis [26] in particular for E /E® = 1, 000 as exhibited by Fig. 2a. Further,
Fig. 2b illustrates the extent of relative degradation, Eyayy / E', and the present analysis is relatively insensitive
to the value of E'/EC. The obtained result in Fig. 2a is similar to the result reported by Anumandla and Gibson
[34].

To reproduce Eq. (5) with the Mori—-Tanaka method, we substitute C* = CandS =Sin Eq. (1) as follows:

C=C% {1+¢[(cl —C e+ (1 —¢)S]‘1]. @7
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Fig. 2 Variations in reinforcing effect with fiber waviness [26]. a Effect of waviness on Eyayy. b Effect of waviness on Eyayy /E 1,
v! =03, E% = 1.0 GPa,v* = 0.3

Therefore, based on Egs. (5) and (27), we can express S as

s 4 1 Oy _ & -1 1 0y-1_ 0
S_fﬂ)i‘—_&?["’((c) «C-17 - (-], (28)

where S is termed as an ad hoc Eshelby tensor that can account for the effect of fiber waviness. To exclude the
effect of far-field interaction in the Mori-Tanaka method, we take the limit in Eq. (28) (i.e., dilute concentra-
tion, cf. [24,25,30]). It is noted that, strictly speaking, the Eshelby tensor is constant only when the inclusion
shape is ellipsoid [32]; thus, Eq. (28) is essentially an ad hoc solution for the wavy fiber. In what follows, the
effects of waviness on the effective elastic responses are examined by employing the ad hoc Eshelby tensor
while Fisher et al. [1,26] used the reduced effective CNT moduli with straight fiber via finite element method
to reflect the effects of waviness.

2.2 Effective elastic stiffness of multi-phase composites

Since Eq. (28) is based on the planar sinusoidal fiber, we consider the random orientation of CNT about the
1-axis in Fig. 1 by the following equation:

2
1 0 0
1 - .
S;jkl = 2_/ QipQiqQkr QisSpgrsdyr, where Q;;= |0 Cf)S\b —siny |. (29)
” 4 0 siny cosy

Equation (29) is essential to reproduce the isotropy of randomly oriented fiber-reinforced composites. Accord-
ing to Eq. (29), the following relations are obtained:
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Fig. 3 Effects of CNT volume fraction on the effective elastic moduli of CNT-polystyrene composites [35] (cf. [1,34]). a Vari-
ations of effective Young’s modulus, E**. b Variations of effective shear modulus, p**. ¢ Variations of effective bulk modulus,

K**.E' =1.0 TPa,v! = 0.3, E® = 1.9 GPa, " = 0.3

St = S, (30)
STi22 = STi33 = % (S1122 + S1133) (31)
8311 = S3311 = ';— (S2211 + S3311) (32)
830 = 83333 = % (352222 + 82233 + S3322 + 353333 + 45233) (33)
83233 = S33pp = -é— (82222 + 382233 + 383322 + S3333 — 452323) (34)
Stz = Sizi3 = % (81212 + S1313) , (35)
83303 = é (82222 — 82233 — S3320 + S3333 + 450323) . (36)

It is noted that only when A = 0 (i.e., straight fiber), S = S = $* holds.
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Based on the Mori—Tanaka method, the effective stiffness for the multiphase composites is rendered

as [30]:

where

N
= 6! ___¢)C0 +z¢rcr o T"

T =1-[I+(C —CH el (s .

xeeer)|

N
1=pI+ > ¢"T"

n=1

1

@37

(38)

To simulate the randomly oriented wavy CNT fiber-reinforced composites, we modify Eq. (37) as:

C* =[(1 = $)C° +6(C o TH] o [0 — DI+ H(TH] ",

(39
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Fig. 7 Effects of waviness factor on the effective elastic moduli of CNT-PEEK composites. a Variations of effective Young’s
modulus, E**. b Variations of effective shear modulus, j¢**. ¢ Variations of effective bulk modulus, K**. E! = 1.0 TPa, v! =
0.3, E® = 3.6 GPa,v? = 0.3

where
T =1-[I+(C' - ) e e (s9)]". (40)
In Eq. (39), (e) signifies the orientational averaging for a fourth-order tensor and takes the form
T [ m/2
i = 5 [ ([ 0irQsa 0ur Qubpars cos g ) as, (@)
0 \0

where
cosfcosg sinf  cosBsing

Q;j=| —sinfcosg cos® —sinfsing |. 42)
—sing 0 Cos ¢
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50 MPa. a Variations of effective stress in the matrix. b Variations of volumetric stress in the matrix. E! = 1.0 TPa, v
0.3, E® =3.6GPa,v° =03

l =4
1 =
After a straightforward calculation, the following relations can be obtained:

(M)ijr1 = 1858k + c2(8ixdj1 + 8118 k),
where

|
c1 = 5-6(2M1111 + 3Mi133 + 8M3311 + 10M3322 + 2M3333 — 8M1313), (43)

1
= @(41\41111 + M1133 — 4M3311 — 10M3320 + 14M3333 + 24 M1313). (44)

On the other hand, the Eshelby method (i.e., dilute concentration method, cf. [30]) renders the effective stiffness
as

C* =C'+4((C' = CY e [I+8* o (C) ' o Cl =) ). (45)

By using Eqgs. (39) or (45), the effective elastic moduli of isotropic composites are calculated as:

(46)

E**

Kok sk *k ok
_CnBCn +2C51) CH . R = O 2C51
- C** + C** ) K - 1212» — ~1122 + 3 ’

1122 T C1o12

where E**, n**, and K** are the effective Young’s modulus, shear modulus, and bulk modulus, respectively.
In this study, the isotropic CNT is assumed though the anisotropic CNT [9] can be equally handled with the
proposed micromechanical framework.
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Fig. 9 Effects of waviness factor on the normalized stress norms of CNT-PEEK composites under the uniaxial loading condition
11 = 50 MPa. a Variations of normalized effective stress of the matrix. b Variations of normalized volumetric stress of the
matrix. E! = 1.0 TPa, v! = 0.3, E® = 3.6 GPa, v = 0.3

2.3 Overall stress norms of matrix

Similar to Eq. (39), by taking advantage of orientational averaging, the global stress concentration tensor for
the matrix material, B, can be written as [30]:

°=B%:5 = [(1 — )L + ¢(C! .Tl.(co)‘l)]_lza. @7

In contrast to metals, polymeric solids generally exhibit pressure-dependent yield behavior. This is evidenced
by a significant increase in yield stress with hydrostatic pressure and a lower yield stress in simple tension
compared to that in simple compression. Therefore, both the effective stress and the volumetric stress influence
the elastoplastic behavior of CNT-reinforced polymer composites. Based on Eq. (47), the volumetric stress,
&2, and the effective stress, 680 , for the matrix are computed as:

_ 1_ - 3 e _ 1 _
&Y =53 &d= Eai(}’ag-', where 08-’ = (Iijkl - §8ij8kl) o (48)

3 Results and discussions

Figure 3 shows the effect of CNT volume fraction on the effective elastic moduli of CNT—polystyrene com-
posites. Because of the specific high elastic modulus of CNT, the increased amount of far-field interaction (cf.
[30]) can be expected even for dilute concentration of CNT. However, by comparing the predictions by the
Eshelby method and the Mori—-Tanaka method, they are close to each other only for the dilute concentration
of CNT (e.g., ¢ = 0.05), which is usually observed for the conventional composite materials. Concerning the
effect of fiber waviness, as the waviness factor, w = A/L, increases, the predictions by the Eshelby method
and the Mori-Tanaka method become indistinguishable in conjunction with the reduced amount of the far-field
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Fig. 10 SEM images of the cross sections of CNT-PEEK composites. a CNT volume fraction ¢ = 0.03. b CNT volume fraction
¢ = 0.05. ¢ CNT volume fraction ¢ = 0.07

interaction. As clearly exhibited, compared to the prediction with straight fiber (i.e., A/L = 0), the experi-
mental data ([35], cf. [1,34]) are discouraging. Figure 4 illustrates the influence of waviness. As shown, the
waviness has a pronounced effect, and small waviness (e.g., A/L = 0.1) substantially affects the mechani-
cal behavior of composites, in particular for high CNT volume fraction. Somewhat similar observation was
reported by Fisher et al. [26].

Polyether ether ketone (PEEK) is an organic polymer thermoplastic used in engineering applications. PEEK
is recognized as an advanced biomaterial used in medical implants, and it is also widely used in the aerospace,
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automotive, teletonic, and chemical process industries. In this research, by aiming for bioengineering appli-
cations, the mechanical responses of CNT-PEEK composites are investigated. The influence of elastic matrix
modulus on the load-transfer capability of wavy fiber is examined in Fig. 5. Irrespective of matrix modulus,
identical degradation of Eywayy (cf. Eq. (26)) is observed. Figures 6 and 7 show the effect of CNT volume
fraction and CNT waviness on the effective elastic moduli of CNT-PEEK composites. Similar to Fig. 3a, the
experimental data in Fig. 6a are disappointing compared to the prediction with straight fiber (i.e., A/L = 0).
By comparing Figs. 3, 4, 5, 6, and 7, a notable distinction due to the difference of elastic moduli of matrix
material (polystyrene vs. PEEK) cannot be observed.

Figure 8 displays the effects of the waviness factor on the stress norms of CNT-PEEK composites under
the uniaxial loading condition. The increased amount of CNT effectively reduces the stress norms, which is
beneficial to prevent the matrix yielding. Associated with Fig. 8, Fig. 9 illustrates the variations of normalized
stress norms. As exhibited, the matrix with higher CNT volume fraction is more sensitive to the CNT waviness,
primarily due to the increased amount of CNT.

Finally, Fig. 10 renders the SEM images of CNT-PEEK composites. As is clearly seen, numerous poros-
ities can be observed around the CNTs. Accordingly, it is expected that the imperfect interfaces significantly
influence the mechanical responses of composites. Moreover, CNT agglomeration [9] can be observed for
¢ = 0.07 (cf. Fig. 10c). Nevertheless, the incorporation of CNTs can still enhance the mechanical properties
of composites, as demonstrated by Fig. 6a. This would be due to the specific high elastic modulus of CNT.
Given the moderate waviness observed in Fig. 10, the incorporation of small CNT volume fraction seems
promising to enhance the mechanical properties of composites if the interface property can be improved (cf.
A/L = 0.1 in Fig. 6). The present research is undertaken not only to investigate the mechanical responses of
composites, but also to examine the biocompatibility of composites. Hence, in view of the biocompatibility,
the porosities shown in Fig. 10 may serve as the conglutination sites for human tissues though the toxicity of
CNT for bioengineering applications should be carefully examined.

4 Concluding remarks

In this study, the effects of CNT waviness on the effective elastic responses of CNT-polymer composites
are investigated. By taking advantage of the ad hoc Eshelby tensor, the micromechanical field equations are
systematically presented. Based on a series of parametric studies with the micromechanics-based closed form
solution, the significance of CNT waviness is discussed. According to the present predictions and the experi-
mental evidences, the importance of load transfer at the imperfect interfaces and the promise of CNT-polymer
composites are acknowledged.
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