314
315
316
317
318
319
320
321
322
323
324
325

326

328
329
330

332

333
334
335
336
337
338
339

340

341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
421

s

H. Yamamoto et al. / Autonomic Neuroscience: Basic and Clinical xxx (2010) Xxx-Xxx b

responses may differ when different anesthetics are used or when the
animals are in a conscious state. However, as we compared the effects of
gadolinium on the reflex responses to MA and EA under the same
anesthetic conditions, the interpretation of the sensory mechanisms for
MA and EA should be valid. Second, we performed EA at frequencies of
10 0r 20 Hz in order to obtain AP and HR responses comparable to those
observed during MA under control conditions. Because the effects of EA
may differ depending on the magnitude of stimulation including pulse
duration, current and frequency (Uchida et al, 2008; Kawada et al.,
2009), further studies are needed to examine whether the effects of
gadolinium on EA-induced hemodynamic responses vary depending on
the stimulation intensities.

4.5. Conclusion

Intravenous administration of gadolinium attenuated the AP and HR
responses to both MA and EA, suggesting that the mechanosensitive ion
channels are involved in the sensory mechanisms of both MA and EA. EA
may cause electrical twitching of surrounding tissues and induce
MA-like stimulation through mechanoreceptors.
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Appendix A

In an attempt to demonstrate that gadolinium does not significantly
affect the hemodynamic responses to direct nerve stimulation related to
acupuncture at the hind limb, we performed an additional protocol of
tibial nerve stimulation in 5 anesthetized rats. The right tibial nerve was
exposed and placed on a pair of platinum electrodes, and was stimulated
for 120 s (500 ps, 10 Hz, 2 or 5 mA). AAP was — 10.5 + 3.5 mm Hg under
baseline conditions, which was attenuated to —8.2 +4.4 mm Hg after
gadolinium administration (74 +15% of the pre-gadolinium, P<0.01).
Although the relative reduction seemed smaller than that observed in EA
(38 +11% of the pre-gadolinium, see main text), because the reduction of
AAP could be partly attributable to the decreased baseline AP after
gadolinium administration, we could not judge whether gadolinium had
truly inhibited the hypotensive effect of tibial nerve stimulation.
Unfortunately, the tibial nerve stimulation did not change HR significantly
in our experimental conditions (_éHR: —1.144.4 bpm before gadolin-
ium vs. AHR=-—1444.1bpm after gadolinium), as opposed to a
previous study (Uchida et al., 2008). As a result, we could not judge the
effect of gadolinium based on HR either. We think the ADN stimulation

protocol in the main text would be a second best surrogate to indicate the
inability of gadolinium to block hemodynamic responses induced by
direct activation of the afferent nerve.
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Mizuno M, Kawada T, Kamiya A, Miyamoto T, Shimizu S,
Shishido T, Smith SA, Sugimachi M. Exercise training augments the
dynamic heart rate response to vagal but not sympathetic stimulation in
rats. Am J Physiol Regul Integr Comp Physiol 300: R969-R977, 2011. First
published January 26, 2011; doi:10.1152/ajpregu.00768.2010.—We exam-
ined the transfer function of autonomic heart rate (HR) control in
anesthetized sedentary and exercise-trained (16 wk, treadmill for 1 h,
5 times/wk at 15 m/min and 15-degree grade) rats for comparison to
HR variability assessed in the conscious resting state. The transfer
function from sympathetic stimulation to HR response was similar
between groups (gain, 4.2 = 1.5 vs. 4.5 * 1.5 beatssmin~1.Hz™!;
natural frequency, 0.07 = 0.01 vs. 0.08 = 0.01 Hz; damping coeffi-
cient, 1.96 = 0.55 vs. 1.69 = 0.15; and lag time, 0.7 * 0.1 vs. 0.6 =
0.1 s; sedentary vs. exercise trained, respectively, means = SD). The
transfer gain from vagal stimulation to HR response was 6.1 = 3.0 in
the sedentary and 9.7 + 5.1 beats-min~'-Hz ™! in the exercise-trained
group (P = 0.06). The comner frequency (0.11 = 0.05 vs. 0.17 = 0.09
Hz) and lag time (0.1 £ 0.1 vs, 0.2 * 0.1 s) did not differ between
groups. When the sympathetic transfer gain was averaged for very-
low-frequency and low-frequency bands, no significant group effect
was observed. In contrast, when the vagal transfer gain was averaged
for very-low-frequency, low-frequency, and high-frequency bands,
exercise training produced a significant group effect (P < 0.05 by
two-way, repeated-measures ANOVA). These findings suggest that,
in the frequency domain, exercise training augments the dynamic HR
response to vagal stimulation but not sympathetic stimulation, regard-
less of the frequency bands.

heart rate variability; transfer function; systems analysis

HEART RATE VARIABILITY (HRV) is considered to be a useful
noninvasive assessment of autonomic nervous system activity.
It has been well recognized that exercise training increases
HRYV at rest (4, 19). A recent meta-analysis by Sandercock et
al. (28) demonstrated that exercise training results in signifi-
cant increases in R-R interval and high-frequency (HF) power
of HRV. Nevertheless, not all studies have demonstrated in-
creases in HRV after exercise training (7). To date, the exact
mechanisms underlying increases in HRV after exercise train-
ing remain to be elucidated. Many earlier studies have sug-
gested that the augmentation of HRV induced by exercise
training may be caused by a withdrawal of sympathetic tonus
and/or an increase in vagal tonus (5, 14, 36). Autonomic tone
assessed by HRV may reflect both the autonomic outflow from
the central nervous system and the peripheral autonomic reg-
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ulation of atrial pacemaker cells. The latter can be assessed
quantitatively by examining the heart rate (HR) response to
electrical stimulation of the autonomic nerves. Furthermore,
recent studies suggested that peripheral autonomic regulation
of atrial pacemaker cells could contribute to the exercise
training-induced increases in cardiac vagal function (9, 10).

Equivocal results, however, have been reported using auto-
nomic nerve stimulation. Regarding the vagal system, the
effects of exercise training have been inconsistent among
studies, showing both increases (9, 10) and reductions in
vagally stimulated HR control (25). When considering the
sympathetic system, a previous study demonstrated that the HR
response to sympathetic stimulation was reduced by exercise
training (22). However, the mechanisms underlying the train-
ing effect are controversial (3, 15, 26, 29, 33, 35). These
equivocal results could be explained by differences in species
and modes of exercise training among studies (i.e., exercise
type, intensity, and duration, etc.). More importantly, since
these studies of autonomic nerve stimulation did not evaluate
HRYV, a causal relationship between increased HRV and adap-
tation in peripheral autonomic HR control remains largely
undetermined. Furthermore, despite the fact that HRV has been
evaluated by using frequency domain as well as time domain
analyses, to date, there are no reports available examining the
effects of exercise training on the dynamic HR response to
sympathetic or vagal stimulation in the frequency domain.
Analysis of peripheral autonomic regulation in the frequency
domain would advance our understanding of the mechanisms
responsible for the alterations in HRV that occur in response to
exercise training.

We have recently developed a technique to assess the dy-
namic characteristics of HR control by the autonomic nervous
system in rats using transfer function analysis (21). The trans-
fer function analysis can quantitatively evaluate the HR re-
sponse to antonomic nerve stimulation over a wide frequency
range that is necessary for interpreting the generation of HRV.
Therefore, the aims of the present study were I) to identify the
dynamic characteristics of sympathetic and vagal HR control in
exercised-trained rats and 2) to determine whether alterations
in peripheral autonomic regulation contribute to changes in the
frequency components of HRV in exercised-trained rats.

MATERIALS AND METHODS
Animal Care and Training Program

Animal care was in accordance with the “Guiding Principles for
Care and Use of Animals in the Field of Physiological Sciences,”
approved by the Physiological Society of Japan. All protocols were
reviewed and approved by the Animal Subjects Committee of the
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National Cerebral and Cardiovascular Center. Fourteen male Sprague-
Dawley rats (200-250 g body wt) were fed standard laboratory chow
and water ad libitum and housed three per cage in a temperature-
controlled room with a 12:12-h dark-light cycle. Rats were randomly
assigned to one of two groups: sedentary (n = 7) and exercise trained
(n="17.

Exercise training was performed on a motor-driven treadmill, 5
days/wk for 16 wk, gradually progressing toward a speed of 15 m/min
at a 15-degree grade for 60 min. Sedentary rats walked (10 m/min at
15 degrees) 10 min/day once per week during the 16-wk period to
maintain treadmill familiarity. At the end of the 16-wk period,
maximal exercise capacity was measured twice in each rat in tests
separated by 2 days (6). The protocol for the maximal exercise
capacity test consisted of walking at 10 m/min for 5 min followed by
2 m/min increases in speed every 2 min until the rat reached exhaus-
tion. Rats were considered exhausted when they failed to stay off of
a shock bar.

Assessment of Autonomic Tone in the Conscious Resting State

After the performance test, three steel electrodes were implanted
under anesthesia. These electrodes were utilized for monitoring the
electrocardiogram. The R-R interval was measured using a cardiota-
chometer (model AT601G; Nihon Kohden, Tokyo, Japan). On the first
day of the study, which was 24 h after electrodes had been implanted,
resting HR was recorded to analyze the R-R interval variability in the
quiet unrestrained rat that was kept in a small box. In accordance with
a previous study (25), autonomic tone was assessed by intraperitoneal
injections of methylatropine (3 mg/kg) and propranolol (4 mg/kg).
Immediately after resting HR was recorded, methylatropine was
injected. Since the HR response to methylatropine reached its peak in
10—15 min, this time interval was allocated before the HR measure-
ment. Propranolol was injected after methylatropine injection, and
again the HR was measured after 10-15 min. Intrinsic HR was
evaluated after simultaneous blockade by propranolol and methylat-
ropine. Sympathetic tonus was defined as the difference between the
HR after methylatropine injection and intrinsic HR. On the second
day, propranolol was administered first to obtain the inverse sequence
of blockade. Vagal tonus was defined as the difference between the
HR after propranolol injection and intrinsic HR.

Sympathetic and Vagal Stimulation

Surgical preparations. After obtaining data for the assessment of
autonomic tone and HRV, rats were anesthetized by a mixture of
urethane (250 mg/ml) and a-chloralose (40 mg/ml), initiated with an
intraperitoneal bolus injection of 1 ml/kg. If additional anesthesia was
needed, 0.1 ml/kg was given intraperitoneally. The rats were intubated
and mechanically ventilated with oxygen-enriched room air. The rats
were slightly hyperventilated to suppress chemoreflexes. A catheter
was placed in the right femoral artery and connected to a pressure
transducer (model DX-200; Nihon Kohden, Tokyo, Japan) to measure
arterial pressure (AP). HR was measured using a cardiotachometer
(model AT601G; Nihon Kohden) triggered by the R wave on the
electrocardiogram. A catheter was introduced into the right femoral
vein for drug administration. Sinoaortic barodenervation was per-
formed bilaterally to minimize changes in sympathetic efferent nerve
activity via arterial baroreflexes. The vagi were sectioned bilaterally at
the neck. A pair of bipolar stainless steel electrodes was attached to
the right cervical sympathetic nerve for efferent sympathetic stimu-
lation or the right cervical vagus for efferent vagal stimulation. The
stimulation electrodes and nerve were secured with silicon glue
(Kwik-Sil; World Precision Instruments, Sarasota, FL). Body temper-
ature was monitored with a thermometer placed in the rectum and was
maintained at 38°C with a heating pad throughout the experiment.

Experimental procedures. The pulse duration was set at 2 ms and
the stimulation amplitude was fixed at 10 V for both sympathetic and
vagal nerve stimulation. To allow for stabilization of hemodynamics,

EXERCISE TRAINING AND DYNAMIC AUTONOMIC HEART RATE CONTROL

sympathetic and vagal nerve stimulations were started ~1 h after the
end of surgical preparations. Between sympathetic and vagal stimu-
lation protocols > 15 min elapsed to allow AP and HR to return to
their respective baseline values.

To estimate the dynamic transfer characteristics from sympathetic
stimulation to HR response, the sectioned end of the right cervical
sympathetic nerve was stimulated employing a frequency-modulated
pulse train for 10 min. The stimulation frequency was switched every
1,000 ms to either 0 or 5 Hz according to a binary white noise signal.
The power spectrum of the stimulation signal was reasonably constant
up to 0.5 Hz. The transfer function was estimated up to 0.5 Hz because
the reliability of estimation decreased due to the diminution of input
power above this frequency. The selected frequency range sufficiently
spanned the range of physiological interest (21). For estimation of the
static transfer characteristics from sympathetic stimulation to HR
response, stepwise sympathetic stimulation was performed. Sympa-
thetic stimulation frequency was increased from 1 to 5 Hz in 1-Hz
increments. Each frequency step was maintained for 60 s.

To estimate the dynamic transfer characteristics from vagal stim-
ulation to HR response, the right vagus was stimulated employing a
frequency-modulated pulse train for 10 min. The stimulation fre-
quency was switched every 500 ms to either 0 or 10 Hz according to
a binary white noise signal. The power spectrum of the stimulation
signal was reasonably constant up to 1 Hz. The transfer function was
estimated up to 1 Hz because the reliability of estimation decreased
due to the diminution of input power above this frequency. The
selected frequency range sufficiently spanned the range of physiolog-
ical interest (21). For estimation of the static transfer characteristics
from vagal stimulation to HR response, stepwise vagal stimulation
was performed. Vagal stimulation frequency was changed among 2, 4,
8, 16, and 32 Hz. Each frequency step was maintained for 60 s.

Data Analysis

Spectral analysis of HRV. Data obtained during the conscious
resting state were digitized at 200 Hz utilizing a 12-bit analog-to-
digital converter and stored on the hard disk of a dedicated laboratory
computer system. Beat-by-beat time series of the R-R interval were
interpolated every 130 ms (Ar). Twelve data segments of 512 (N)
points overlapping half of the preceding data were processed. For each
data segment, after the linear trend was removed and the Hanning
window applied, power spectral density was computed using the fast
Fourier transform algorithm. The frequency resolution was Af = 1/(N
Ap), i.e., 0.015 Hz, and the highest frequency was Af = 1/2A¢, i.e.,
3.85 Hz, where f is frequency. The very-low-frequency (VLF) band
ranged between 0.017 and 0.27 Hz, the low-frequency (LF) band
between 0.27 and 0.75 Hz, and the high-frequency (HF) band between
0.75 and 3.3 Hz, according to an earlier report (8). The percentage of
LF or HF power relative to the sum of LF and HF powers and the ratio
of LF to HF power were also calculated.

Transfer function analysis. The dynamic characteristics of the HR
response to sympathetic or vagal stimulation were estimated by a
transfer function analysis (see APPENDIX for details). Dynamic sympa-
thetic control of HR was quantified by fitting a second-order low-pass
filter with pure delay to the estimated transfer function. The dynamic
vagal control of HR was quantified by fitting a first-order, low-pass
filter with pure delay to the estimated transfer function. To facilitate
the intuitive understanding of the system’s dynamic characteristics,
we calculated the system step response of HR to 1-Hz nerve stimu-
lation as follows.

The system impulse response was derived from the inverse Fourier
transform of the transfer function. The system step response was then
obtained from the time integral of the impulse response. The length of
the step response was 51.2 s. The 80% rise time for the sympathetic
step response or the 80% fall time for the vagal step response was
estimated as the time at which the step response reached 80% of the
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Table 1. Physical characteristics

Sedentary Exercise Trained
Body weight, g 642 + 33 534 *+ 33%
Ventricular weight, g 1.22 +0.03 1.17 £ 0.04*
Ventricular weight/body weight, g/kg 1.9 = 0.1 22 *+0.1*
Lung weight, g 2.13 = 0.27 1.89 = 0.38
Lung weight/body weight, g/kg 33+03 35+07
Performance test, s 1150 = 165 1790 + 389*

Values are means = SD. *P < 0.05 compared with sedentary group.

steady-state response calculated by averaging the last 10 s of data of
the step response.

Statistical Analysis

All data are represented as means = SD. Data were analyzed using
unpaired Student’s t-tests (sedentary vs. exercise trained) or two-way,
repeated-measures ANOVA. Values of P < 0.05 were considered to
be significant.

RESULTS
Physical Characteristic

Morphometric characteristics and exercise capacity for sed-
entary and exercised-trained rats are presented in Table 1. The
mean body weight of the exercised-trained rats was signifi-
cantly smaller than that of the sedentary rats. The mean
ventricular weight of the exercised-trained rats was slightly but
significantly smaller than that of the sedentary rats. Conse-
quently, the ventricular weight normalized by body weight was
significantly greater in the exercised-trained compared with the
sedentary group. The lung weight-to-body weight ratio was not
different between the groups. Exercise capacity was 64%
greater in the exercised-trained than in the sedentary group.
The reproducibility of measuring the maximal exercise capac-
ity was reasonably high (y = 1.2x — 226.1, R =0.79; x and y
represent the first and second measurements).

Spectral Analysis of HRV and Autonomic Tone in the
Conscious Resting State

The power spectral densities of R-R interval are shown in
Table 2. The percentage of LF power was significantly smaller,
and the percentage of HF power was significantly greater in the
exercised-trained rats than in the sedentary rats. The LF/HF
ratio in the exercised-trained rats was significantly smaller
compared with that in the sedentary rats. HR at rest was
significantly lower in the exercised-trained compared with the
sedentary group (Fig. 1A). The intrinsic HR was similar be-
tween the groups (Fig. 1A). Although the sympathetic tonus
was comparable between the groups, the vagal tonus tended to
be greater (P = 0.08) in the exercised-trained compared with
the sedentary group (Fig. 1B).

Dynamic Sympathetic and Vagal Transfer Functions

Table 3 summarizes hemodynamics during dynamic sympa-
thetic stimulation. Sympathetic stimulation significantly in-
creased mean HR in both sedentary and exercised-trained
groups. Mean HR and AP did not differ between the groups,
before and during sympathetic stimulation. Figure 24 illus-
trates the dynamic transfer function characterizing sympathetic
HR control. The frequency band effect was significant (P <
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0.0001) but the group effect was insignificant (P = 0.5461) in
the dynamic gain values of the sympathetic transfer function
by two-way, repeated-measures ANOVA. The parameters of
the sympathetic transfer function were comparable between
the groups (Table 4). Figure 2B shows the calculated step
response of HR to sympathetic stimulation. The steady-state
response and the 80% rise time did not differ significantly
between the groups (Table 4).

Table 5 summarizes hemodynamics during dynamic vagal
stimulation. Vagal stimulation significantly decreased mean
HR in both sedentary and exercised-trained groups. Mean HR
and AP did not differ between the groups, before and during
vagal stimulation. Figure 3A illustrates the dynamic transfer
function characterizing vagal HR control. The frequency band
effect (P < 0.0001) and the group effect (P < 0.0001) were
both significant in the dynamic gain values of the vagal transfer
function by two-way, repeated-measures ANOVA. The esti-
mated dynamic gain (see APPENDIX) tended to be greater in the
exercised-trained compared with the sedentary group (P =
0.06, Table 6). Other parameters did not differ between the
groups. Figure 3B shows the calculated step response of HR to
vagal stimulation. The calculated steady-state response in the
exercised-trained rats also tended to be greater than that in the
sedentary rats (P = 0.06, Table 6). There was no significant
difference in the 80% fall time between the groups.

Dynamic Gain Values of Sympathetic and Vagal Transfer
Function Corresponding to HRV Frequency Bands

When dynamic gain values of the sympathetic transfer
function were averaged for the VLF and LF (up to 0.5 Hz, see
METHODS) bands, the frequency band effect was significant, but
the group effect was insignificant by two-way, repeated-mea-
sures ANOVA (Fig. 4A). When dynamic gain values of the
vagal transfer function were averaged for the VLF, LF, and HF
(up to 1 Hz, see METHODS) bands, the frequency band effect was
insignificant but the group effect was significant such that the
dynamic gain was significantly greater in the exercised-trained
compared with the sedentary group (Fig. 4B).

Static Sympathetic and Vagal Transfer Function

The increase in HR with stepwise sympathetic stimulation
was similar between groups (Fig. 54). The stimulation fre-
quency effect was significant, while the group effect was
insignificant by two-way, repeated-measures ANOVA. In con-
trast, the decrease in HR with stepwise vagal stimulation was
greater in the exercised-trained compared with sedentary rats
(Fig. 5B). Both the stimulation frequency effect and the group
effect were significant.

Table 2. Spectral parameters of R-R interval

Sedentary Exercise Trained
Variance, ms? 87 = 39 90 = 32
VLF, ms? 73 =30 80 + 30
LF, ms? 63 *34 3.1%30
LF, % 49 + 11 36 £ 7*
HF, ms? 80+76 62+7.1
HF, % 51+ 11 64 + 7*
LF/HF ratio 1.0*x05 0.6 £0.2*

Values are means * SD. LF, low frequency; VLF, very low frequency; HF,
high frequency; *P < 0.05 compared with sedentary group.
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A 0 - B 15 - [ ] Sedentary

. Exercise Trained

T 350 |- "E 100 P=0.08
Fig. 1. Heart rate (HR) at rest and intrinsic HR (A) and E o
HR sympathetic and vagal tone (B) obtained in sed- % §
entary and exercised-trained rats. *P < 0.05 com- 3 2
pared with sedentary group. E * %

T 300 | S 50 |

250 0
Rest Intrinsic sympathetic tonus vagal tonus

DISCUSSION

We have examined the dynamic transfer function of auto-
nomic HR control by using random binary sympathetic and
vagal nerve stimulation in sedentary and exercised-trained rats.
The major findings in the present study are /) that the exercise
training did not alter the sympathetic transfer function substan-
tially but augmented the dynamic gain of the vagal transfer
function; and 2) in the frequency domain, exercise training
increased the dynamic HR response to vagal stimulation but
not sympathetic stimulation, regardless of the frequency band.
These findings are the first quantitative data on the effect of
exercise training on the dynamic characteristics of peripheral
HR control by the sympathetic and vagal systems.

Validity of Exercise Training

The relative ventricular hypertrophy and higher exercise
capacity in the exercised-trained compared with the sedentary
group suggested that exercise program used in the present
study was sufficient to induce physiological adaptations com-
mensurate with an effective training stimulus. As is well
known, exercise training induces bradycardia at rest (Fig. 1A).
Moreover, changes in the spectral parameters for R-R interval
(Table 2) and autonomic tone (Fig. 1B) induced by the exercise
training are consistent with earlier studies in rats (30, 31).

Effect of Exercise Training on Sympathetic and Vagal
Transfer Function

Exercise training altered neither dynamic (Fig. 2) nor static
sympathetic transfer function (Fig. 5A). These results are

Table 3. Arterial pressure(AP) and heart rate (HR) during
dynamic sympathetic stimulation protocol

Sedentary Exercise Trained
During During
Prestimulation Stimulation Prestimulation Stimulation
AP, mmHg 74 * 16 68 = 157 89 = 17 84 £ 24
HR, beats/min 377+£25 444 *+ 23¢ 381 £ 16 444 *+ 26}

Values are means = SD. P < 0.05 compared with prestimulation.

different than those reported in a previous study in which swim
training significantly reduced the HR response to sympathetic
nerve stimulation in a double atrial/right stellate ganglion
preparation in guinea pigs (22). The discrepancy between
investigations may have arisen from differences in the
nerves experimentally stimulated (cervical sympathetic
nerve vs. stellate ganglion), animal species studied (rats vs.
guinea pigs), and/or experimental preparation utilized (in
vivo vs. ex vivo). The mechanisms underlying the sympa-
thetically mediated exercise training effect on HR are also
controversial. For instance, chronotropic responsiveness to
isoproterenol has been reported to be decreased in one study
(15) but unchanged in another (22) by exercise training.
Furthermore, in response to exercise training, the density
and affinity of B-adrenoceptors in the heart have been shown
to be reduced in some reports (26, 33), while unchanged in
others (3, 34, 35).

Exercise training augmented the dynamic gain of the vagal
transfer function (Fig. 2). The effect of exercise training was
also significant for static vagal transfer function (Fig. 5B).
These results are in agreement with previous studies showing
that exercise training significantly augmented the HR response
to vagal nerve stimulation in a double atrial/right vagal nerve
preparation using mice (9, 10). In contrast, Negrao et al. (25)
demonstrated that the HR response to vagal stimulation was
depressed in exercised-trained rats. A possible explanation for
this disparate result is that the arterial baroreflexes remained
intact in the experimental preparation used in the study (25). In
contrast, sinoaortic barodenervation was performed in the pres-
ent investigation to minimize baroreflex-mediated changes in
sympathetic efferent nerve activity. Exercise training has been
shown to attenuate the baroreflex-mediated sympathetic nerve
response to hypotension (11). Although speculative, in the
study by Negrao et al. (25), baroreflex-mediated sympathetic
activation in response to vagally-induced hypotension might
have been less in exercised-trained compared with sedentary
rats. Consequently, the gain of vagal stimulation might have
been attenuated in exercised-trained animals relative to seden-
tary rats. This suggestion is reasonable given that accentuated
antagonism is indicative of a diminution in background sym-
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pathetic tonus, which can decrease the gain of the vagal
transfer function (17).

It has been documented that the intensity of exercise as well
as the duration of exercise training are related to the autonomic
adaptation to exercise training (28). These factors have been
shown to be largely variable among different studies. A well-
controlled experimental setup is needed to clarify these issues.

Dynamic Gain Values of Sympathetic and Vagal Transfer
Functions Corresponding to HRV Frequency Bands

HRYV is considered to reflect autonomic tone (19). The VLF
component is likely to reflect changes in vasomotor tone in
relation to thermoregulation and local adjustment of resistance
in individual vascular beds; the LF component is considered to

Table 4. Sympathetic transfer function parameters
and step response

Sedentary Exercise Trained
Gain, beats-min~!-Hz ™! 42+*15 45+15
Natural frequency, Hz 0.07 = 0.01 0.08 = 0.01
Damping ratio 1.96 = 0.55 1.69 = 0.15
Lag time, s 0.71 = 0.10 0.62 = 0.11
Steady-state response, beats/min 36*+1.6 42 1.2
80% rise time, s 129 £ 237 12.1 = 3.0

be a marker of sympathetic activity, although it remains a
matter of debate; and the HF component mainly originates
from respiratory activity and is considered to be mediated by
vagal input (27). In rats, Cerutti et al. (8) determined that the
LF component ranged between 0.27 and 0.74 Hz, and the HF
component was > 0.75 Hz.

Averaged dynamic gain values of sympathetic transfer func-
tion for VLF and LF bands did not differ between the sedentary
and exercised-trained groups (Fig. 44). These results suggest
that changes in the peripheral sympathetic control of HR likely
do not contribute significantly to training-induced alterations in
HRYV. Therefore, the lower percentage of LF power and LF/HF
ratio in the exercised-trained group (Table 2) may indicate
reduced activation of sympathetic outflow from autonomic
centers (23). In contrast, averaged dynamic gain values of
vagal transfer function for VLF, LF, and HF bands (Fig. 4B) as

Table 5. AP and HR during dynamic vagal
stimulation protocol

Sedentary Exercise Trained
During During
Prestimulation stimulation Prestimulation stimulation
AP, mmHg 72 £ 21 68 15 92+ 14 80 = 21
HR, beats/min 373 £ 18 327 =387 372 + 14 301 £32 7

Values are means *+ SD. See APPENDIX for transfer function parameters.

Values are means *= SD. ¥P < 0.05 compared with prestimulation.
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well as the percentage of HF power (Table 2) were signifi-
cantly greater in the exercised-trained compared with the
sedentary group. These results suggest that the augmentation in
HRYV induced by exercise training is, at least in part, mediated
by augmentations in the peripheral vagal control of HR.
What are the possible mechanisms underlying augmenta-
tions in the peripheral vagal control of HR? Danson and
Paterson (10) have presented evidence that neuronal nitric
oxide synthase may be a key enzymatic protein underlying
such training-induced increases in cardiac vagal function. This
group has also demonstrated that HR changes in response to
vagal stimulation are enhanced by exercise training in wild-
type mice but not in heterozygous neuronal nitric oxide syn-

Table 6. Vagal transfer function parameters
and step response

Sedentary Exercise Trained
Gain, beats-min~'-Hz™! 6.1 3.0 97 £5.1*
Comer frequency, Hz 0.11 £ 0.05 0.17 = 0.09
Lag time, s 0.10 = 0.08 0.17 = 0.08
Steady-state response, beats/min -6.7*+36 -112+5.7%
80% Fall time, s 43+22 43*15

Values are means = SD. #P = 0.06 compared with sedentary group. See
APPENDIX for transfer function parameters.

thase knockout mice (9). Another candidate for augmentations
in the peripheral vagal control of HR is muscarinic receptors,
which play a fundamental role in HR control via vagally
mediated regulation. However, the effects of exercise training
have been inconsistent among studies, showing both increases
(12) and no change (2, 3) in muscarinic receptors in the
myocardium of rats. The possibility cannot be dismissed that
training-induced changes in the activity of afferent inputs
mediating vagal outflow may also contribute to the alterations
in HRV (4). Further investigation is needed to clarify these
1Ssues.

Perspectives and Significance

To date, the mechanisms underlying increased HRV after
exercise training remain to be elucidated. HRV may reflect
both the autonomic outflow from the central nervous system
and the peripheral autonomic regulation of atrial pacemaker
cells. In human studies, it is difficult to separately examine
each factor. The findings of the present study suggest that the
augmentation in HRV induced by exercise training is, at least
in part, mediated by augmentations in the peripheral vagal
control of HR. In other words, even if vagal outflow from the
central nervous system remains unchanged after exercise train-
ing, HRV could be increased by an enhanced responsiveness in
the peripheral vagal, but not sympathetic, regulation of HR.
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Fig. 4. Averaged sympathetic (A) and vagal (B) gain calculated from corre-
sponding transfer function in very low frequency (VLF), low frequency (LF),
and high frequency (HF) bands.

It has been well documented that decreased HRV is ob-
served in heart failure (18) as well as in a variety of lifestyle-
related diseases such as diabetes (16), hypertension (24), and
obesity (1). Furthermore, reductions in HRV are related to
increases in mortality rates as well as the occurrence of adverse
cardiac events (32). Exercise training-induced augmentations
in HRV maintain the potential to partially correct or normalize
the autonomic dysfunction manifest in these disease states (4).
Understanding the mechanisms contributing to the alterations
in HRV induced by exercise training may significantly impact
the development of novel therapeutic strategies for the treat-
ment of autonomic dysfunction.

Limitations

There are several limitations to this study. First, the rats were
slightly hyperventilated throughout the stimulation protocol.
We cannot rule out the possibility that the hyperventilation
might have affected the results reported. Second, dynamic
sympathetic stimulation lowered mean AP in sedentary rats
although sinoaortic barodenervation was performed. This may
be explained by a possible difference in left ventricular func-
tional capacity. For example, under conditions of equivalent
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HR, changes in systolic blood pressure were smaller in seden-
tary rats compared with exercised-trained rats (13). Third, the
stimulation amplitude was fixed at 10 V for both sympathetic
and vagal nerve stimulation. It should be noted, however, that
our preliminary results indicated that 10 V was sufficiently
large enough to evoke maximal HR responses. Fourth, transfer
function data were obtained from anesthetized animals. This
must be taken into account when interpreting the present
results as anesthesia may affect the peripheral autonomic
regulation of atrial pacemaker cells. Finally, we stimulated the
sympathetic and vagal nerves according to a binary white noise
signal. Although this method of stimulation is quite different
from the physiological pattern of neuronal discharge, the co-
herence was near unity over the frequency range of interest.
This finding indicates that the system properties do not vary
considerably in response to different patterns of stimulation.

Conclusion

In the present study, it was demonstrated for the first time
that exercise training did not alter dynamic sympathetic control
of HR, while it did augment dynamic vagal control of HR. In
addition, the group effect was significant with regard to the
dynamic gain values for the vagal transfer functions corre-
sponding to VLF, LF, and HF bands. This finding suggests that
enhancements in the peripheral vagal control of HR may, at

A _
0T ] sedentary Group: P=0.32
Stimulafion Frequency: P<0.01
. Exercise Trained /nteraction: P=0.27
500
15
£
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Stimulation frequency: P<0.01
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Fig. 5. HR response to stepwise sympathetic (A) and vagal (B) stimulation
obtained in sedentary and exercised-trained rats.
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least in part, contribute to the exercise-induced augmentation
in HRV in healthy rats.

APPENDIX: TRANSFER FUNCTION ANALYSIS

The dynamic transfer function from binary white noise stimulation
to the HR response was estimated based on the following procedure.
Input-output data pairs of the stimulation frequency and HR were
resampled at 10 Hz to be consistent with our previous study (21).
Subsequently, data pairs were partitioned into eight 50% overlapping
segments consisting of 1,024 data points each. For each segment, the
linear trend was subtracted and a Hanning window was applied. A fast
Fourier transform was then performed to obtain the frequency spectra
of nerve stimulation [N(f)] and HR [HR(f)]. Over the eight segments,
the power of the nerve stimulation [Sy.a(f)], the power of the HR
[Ser-ur(f)], and the cross-power between these two signals [Sy.zz(f)]
were ensemble averaged. Finally, the transfer function [H(f)] from
nerve stimulation to the HR response was determined using the
following equation (20).

SN—HR(f )
Snn(f)

To quantify the linear dependence of the HR response on vagal or
sympathetic stimulation, the magnitude-squared coherence function
[Coh(f)] was estimated employing the following equation (20).

Snn(f) - Surur(f)

Coherence values range from zero to unity. Unity coherence
indicates perfect linear dependence between the input and output
signals; in contrast, zero coherence indicates total independence
between the two signals.

Since the transfer function from sympathetic stimulation to HR
response in rats approximated a second order low-pass filter with pure
delay (21), we determined the parameters of the sympathetic transfer
function using the following equation.

H(f) =

Coh(f) =

—2mfjL

H(y) =

€

2
1+ 2§ij + (i_])
NN

where K is dynamic gain (in beats:min~!-Hz™ '), fy is the natural
frequency (in Hz), { is the damping ratio, L is lag time (in s), and f and
j represent frequency and imaginary units, respectively. These param-
eters were estimated by means of an iterative nonlinear least squares
regression.

Since the transfer function from vagal stimulation to HR response
in rats approximated a first-order, low-pass filter with pure delay (21),
we determined the parameters of the vagal transfer function using the
following equation.

e72'rrij

H(f) =

1+ =j

fe
where K represents the dynamic gain (in beats-min~!-Hz™ '), fc
denotes the corner frequency (in Hz), L denotes the lag time (in s), and
f and j represent frequency and imaginary units, respectively. The
negative sign in the numerator indicates the negative HR response to
vagal stimulation. These parameters were estimated by means of an

iterative nonlinear least squares regression.
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1 Introduction

In this paper, we deal with a saddle point linear system in a finite dimensional space:

B 5 BT-16] :

Furthermore, we assume that A is an m x m symmetric positive definite matrix, and B is
an n x m full rank matrix, where m > n. By applying complete block LU factorization
to this 2 x 2 block matrix, we have

A BT I O0][A o ][I A-'BT
A_[B 0]“[BA-1 1][0 —S][O I ] @
where S is the Schur complement defined as
S =BA~'B’. A3)

From Sylvester’s law of inertia, we see that the numbers of positive and negative
eigenvalues of the coefficient matrix in Eq. (1) are m and n, respectively. Thus, the
matrix is indefinite.

This type of problem arises in analysis of incompressible continuum like indus-
trial hyper-elastic materials, living tissues, fluids, etc. In this problem, though the
first diagonal block A is positive, the total matrix is indefinite. Thus, special cares
are required in construction and convergence analysis of iterative methods since the
iterative solution strategy based on energy minimization as applied to the conjugate
gradient method is not valid. The target of this paper is to analyze convergence proper-
ties of some efficient iterative solution methods for these problems and to validate the
convergence estimation results through numerical experiments. In general, Eq. (1) is
a typical linear system that appears in the solution process of a minimization problem
with constraints and is reviewed briefly below. In the above mentioned cases of the
incompressible materials, the constraints correspond to the incompressibility. Let us
assume that we wish to find the minimum of a given functional E (u) under constraints
represented by C(u) = 0, where u is in m-dimensional space and C is an n-dimen-
sional vector function. From the Lagrange multiplier method, we see that the solution
u is given as a stationary point of the Lagrange functional:

L@, )) = E@) + Cu)Tx, (4)

where A is an n-dimensional vector called the Lagrange multiplier. Thus, by taking
derivatives by u and A, respectively, we obtain a system of nonlinear equations:

T
O w+ 2w a=o, )
ou ou

Cu) =0. ©)
This nonlinear problem can be solved iteratively by the Newton—Raphson method. Let

u; and A; be approximate solution vectors at the kth iteration. Then, by linearizing
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the functions in Eqgs. (5) and (6), the updates X = uzy1 —ug and ¥ = Ap4) — A are
obtained by solving the linear system in Eq. (1) with

32E 2c T
A= 5"1—2'(1110 + W(Mk) Ak, )
aC
B = _(uk)9 (8)
Ju
OFE 9 T
= —(8—(uk) + 2w xk), )
u Ju
G = —-C(w). (10)

The solution process given above is typical of the procedure used in dealing with large
deformation problems of incompressible hyper-elastic materials using a finite element
method, in which the Lagrange multiplier is hydrostatic pressure. Also, in incompress-
ible fluid analysis, although A is not generally symmetric due to the presence of a
convection term in the Navier-Stokes equation and thus it cannot be formulated as an
optimization problem, Eq. (1) still arises due to the incompressibility, with the second
block variable being fluid pressure.

An inherent difficulty in constructing an iterative block-by-block relaxation for
Eq. (1) arises from the zero diagonal block in the second row. With regards a solution
candidate for the first block, there is no way of computing the solution for the second
block from the equation on the second row only. However, the factorization of A in
Eq. (2) provides a hint for constructing an approximate matrix P to the coefficient
matrix A as follows.

[ 1 o][Qs o©
Pr=lnop 1) % o)

[ 1T o1[Qs o I Q;'BT
7= ooy 1[5 —au][o %" ]

Here, Q4 and Qp are approximations of A and S, respectively. The approximation Pg
1s obtained by replacing A and S in Eq. (2) with Q4 and Qp, respectively, while Py
is found by taking the lower block triangular part thereof. The iterative process based
on the matrix splitting:

Xit+1 Xi|_| F
el e

(11)

is written as

= X =lep _ . Ty.

Yiy1 =Y + Q3 ' BXiy1 — G)
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for Pr, and

Xit12 = Xi + Q' (F — (AX; + BTY))),
Yis1 =Y + Q3 BXiyi2 — G), (14)
Xit1 =Xiy12— Q' BT (Vi1 — ¥i)

for Ps. The former iterative process, known as the inexact Uzawa algorithm, was pro-
posed and its convergence property analyzed by Bramble et al. [3]. The latter process
has, for example, been applied as a preconditioner for the Krylov subspace method
to CFD applications by Little et al. [9], and to fluid structure interaction problems by
Washio et al. [14]. Hereafter, we refer to the former and latter algorithms as the inex-
act block triangular and inexact block LU algorithms, respectively. The first purpose
of this paper is to analyze the convergence property of Eq. (14) by applying similar
approaches to those given in [3]. We identify substantial differences in the required
conditions on Q4 and Q p to ensure the convergence of the iterative processes between
the two approaches. It is also shown that error reduction analysis can be performed
under more reasonable norms for Pg than for Pr. Furthermore, the convergence con-
dition for Eq. (13) is slightly more relaxed than the one given in [3].

In addition to the convergence analysis, we analyze the eigenvalue distribution of
the preconditioned matrix Pg’ ! A. This analysis provides a good indication of the con-
vergence performance when Ps is applied as a preconditioner for the Krylov subspace
method. Although it is difficult to give an exact estimation of the convergence rate
from the eigenvalue distribution alone, we identify the following interesting relations.

1. How the eigenvalue distribution is related to the degree of approximation of Q4
to A and Qp to BQ,'B”.

2. How various components of the eigenvalue distribution (for example, the minimal
real part, maximal imaginary part, etc.) affect the convergence rate.

Many studies have focused on the convergence of the block-type (block diagonal,
block triangle) preconditioners. Klawonn and Starke [8] estimated the convergence of
GMRES with a block triangular preconditioner using field-of-values analysis. Elman
et al. [5] studied the performance of a block triangular preconditioner through eigen-
value distribution analysis of the preconditioned system. Various studies by other
researchers are surveyed in [2]. Most of these studies focus on fluid or linear elasticity
problems, for which it is relatively easy to apply the cheaply invertible and well-
approximated Q4 or Qp by exploiting specific knowledge of the background PDEs
or regularity of the computational grid. Here, ‘well-approximated’ implies spectral
equivalence between Q4 and A or between Qp and S. In other words, the eigenvalues
of QZIA or Qp IS are contained in a positive interval whose end points do not depend
on the mesh size. Such a cheaply invertible operator Q4 can easily be implemented,
for example, by a multigrid cycle [6] if the grid is regular or if A is strongly diagonal
dominant due to the presence of the inertia term in time-dependent problems [10].

In real-life nonlinear finite element continuum mechanics, the matrices A and B
are produced through complicated computations of derivatives in Egs. (7) and (8) on
an unstructured grid. As a result, it is not easy to see the properties of the operators A
and B which provide hints for constructing efficient Q 4 and Q g matrices. This makes
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it difficult to define the cheaply invertible and well-approximated Q4 and Qg. Under
such circumstances, it is important to estimate the convergence rate for the entire
system, where the degree of approximation for either one or both of these matrices is
poor.

In addition to the analysis of a block-type LU preconditioner, we also analyze a
more easily implementable preconditioner that is defined by the standard element-wise
incomplete LU (ILU) factorization under a specific fill-in strategy [14]. In this anal-
ysis, although we cannot give concrete estimations of the eigenvalue distribution, we
do identify a clear difference from the block-type preconditioner. Through numerical
experiments, we examine how this difference affects the convergence behavior.

2 Matrix splitting methods based on inexact block triangular and block LU
matrices

Let EX = X — X;, El' = Y — Y be errors for the iterative solutions in Eq. (12). Then,
the iteration errors satisfy the following recurrence:

EX X
[E’Y“] =R[§t_y] with R = P~ (P — A). (15)
i+1 i

The error reduction matrix R can be represented as

o [Q' 0 ][ I 0 [QA—A —BT]
™7l o —Qz'f[-BQ;' 1 0 Qs

o [1 -Q;BTI[Q; 0 I 0][Qs-A 0
S=lo 1 0 -Qz'|[-BQ;' I 0 BQ,'B”-Qp

for Ps. To simplify these expressions of the error reduction matrices, we introduce
scaled matrices for A and B as follows.

M = Q,'*AQ;'", (16)

N =Qj /°BQ; '~ (17

Note that the following equality holds.
—1NT ~1/2p A ~1pTA-1/2
NM™ N =Q; ""BAT'B'Q, '".

Throughout this section, we assume that A and BA™!'B7 are correctly approximated
by Q4 and Qp, respectively, as they lead the convergence when applied within the

@ Springer



94 T. Washio, T. Hisada

individual subspaces. That is, we assume that the following conditions are satisfied.

O<ml<M<ml 0<3Im <3Im<?2, (18)
0 <yl <NM™'NT <71, 0 < 3y, < Iy < 2. (19)

Note that throughout this paper, we apply the inequality sign to two symmetric matrices
S1 and S such that

$1 <8y,
if
(V,$1V) < (V,8,V),VV
holds.
We start by finding appropriate similarity transformations for the error reduction

matrices to facilitate the convergence analysis. First, we see that transformation with
a simple block diagonal matrix gives

Qi o0 |, [Q)" o | _[I 0 I-M —NT
o Q2|7 o Q7| [0 -IJ[-Na-M) NNT -1
(20)

and

le/z P -2
Rs A _
{ 0 1/2 0 QBI/Z

I-N"1[T 0][ 1 o0][I-M 0
=[0 I [0 —1][—1\1 1][ 0 NNT—I:|' @)

For the inexact block triangular algorithm, we assume that
A <Qy (22)

so that the spectrum of M is bounded by one, as was also assumed in [3]. We can then
further apply a similarity transformation to Eq. (20) as follows.

(I_M)1/2Q1/2 0 Q_I/Z(I_M)—I/Z 0
|: 0 A Q2 Rr| A o Q; 12

=[I 0][ I-M —(I—M)‘/zNT]

0 —I|[-NO-M)'2 NN7 -1 23
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In the case of the inexact block LU algorithm, without any further condition as in the
above case, we have

I NTTIQ” 0 |, Q" o |1 —NT
0 I 0 2/2 S le/z 0 I
_[1 0 I 0][I-M 0 I —NT
‘[0 —I][—N I][ 0 NNT—I] [0 I ]

(1 0 I-M —I-M)NT -
[0 —IJ[-NaO-M) NQ@I-MN’ —1I| (24)

Note that the matrices:

=~ I-M —I-M)!/2NT

Rr1 = [—N(I _ M2 NNT — I (25)
~ [ 1-M —I —M)N”

R = [—N(I ~M) NQI-M)N” — 1] (26)

on the right hand sides, respectively, of Eqs. (24) and (23) are symmetric. Thus, it
is easier for the error reduction analysis to work with the matrices obtained after the

similarity transformation:
EX EX
J | =T [ ly :I . (27)
I: E iY ] Ei

Here, the transformation 7 is defined by

(I — M)l/le/z 0

for the inexact block triangular algorithm, and

I N"7[QY% o
S o

for the inexact block LU algorithm. Then, Eqs. (23) and (24) are represented as
TRT ' = &R,

with 7%;1 = 7@“ in Eq. (25) for the inexact block triangular algorithm, and with
R1 = Rs,1 in Eq. (26) for the inexact block LU algorithm, and

= I 0
52[0 _1] (30)
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Thus, the error reduction in Eq. (15) can be rewritten as

EX ~~ | EX| ~|EX

~l);i—1 — 5R1 ~ly =R 'JY

Eiy E, E,
Since € is unitary and Ry is symmetric, the operator norm of R is determined by the
spectrum A(R1) as

(7555, 7:\;,3(') (g'ﬁ,]:\", gﬁlf) ('ﬁlf, 'félf) 2
et S G =sup ——=—=—— = sup |A;|".

~ 2
IRI2"=sup —=—=—= == == o
: (x,% i (x,x) k (x, x) reMRY)

Thus, in the following we estimate the lower and upper bounds of spectrum A(’fél).

Lemma 1 The inexact block triangular case:
Suppose the condition

m <1 (31)

is satisfied. Then, we have the following lower and upper bounds of the spectrum of
RT, 1.

1
inf A >—-14-mnp, (32)
MEMRTI) 27—
1
sup A <1 —-mQ2—np). (33)
)»ie)»(’iéT.l) =

Proof First, we derive the lower bound. From the Schwarz inequality, we see that the
following inequality holds for any positive number « and any vectors V, W in the first
and second blocks, respectively.

I(V, = M)2NTW) + (W,NUI — M)!2v)| = 2|/(d = M) 2V, NTw)|
2 é(v, (I —=M)V) +a(W,NNTW).

Thus, we obtain

~ (1-Ha-m 0
R 2 [ 0 (1 — )NNT —1]

In particular, by taking « = 1/2, we obtain

= —A-M) 0
R Z[ 0 INNT —1]
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For the second diagonal block, we have

(W,NNTW) = M~'2NTw, MM~ '2NT W) > mM~1/2N"w, M~ /2NT w)
= m(W,NM™'N"W) > m n (W, W),
This leads to Eq. (32).
Next, to obtain the upper bound in Eq. (33), we again apply the Schwarz inequality

as follows.

I(V, - MZNTW) + (W, NI — M)2v)| = 2|(d - M)!/2V,NT w)|
1
<aM'2v M2v) + (@ = M)2M-12NTw, @ - M)!/2M~12NT w)
o

1
=a(V,MV) + —(W,NM~ 120 - M)M~12NTw).
(s 4
Thus, we obtain

7. < [I-0-oM 0
= 0 —I+ INM~120— (1 —)M)M~V/2NT |

By substituting o = 7, /2, the first diagonal block on the right hand side is bounded as
1 — 1 —
I-0-aM <I- 5(2—nm)M <I- Eﬂ(z—nm)l, (34)

while the second diagonal block is bounded as

1 1—(1—
I+ ;NM‘W(I —1=-a)MM2NT < I+ ————(—a—a)—m'NM'lNT

< (—1 + Mﬁ) I= (1 —m (1 _ E)) I (35)
o 2

From Eqgs. (34) and (35), the upper bound is obtained. O

Lemma 2 The inexact block LU case:
Suppose that the upper bound of the spectrum of M satisfies

3 3
m < E, ie A< EQA (36)
Then, we have the lower bound of the spectrum of ﬁs,] as

3
inf A; > —1+4 —min(m, 3/2 — m)n,y,. 37
Ai€r(Rs.1) 4
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Furthermore, without assuming Eq. (36), we have the upper bound as

1
sup A <1 — —min(m,2 —m)2 — ny). (38)
Ai€A(Rs,1) 2

Proof First, we derive the lower bound. From the Schwarz inequality, we see that the
following inequality holds for any positive number « and any vectors V, W on the
first and second blocks, respectively.

I(V, X =M)NTW) + (W,N(I —M)V)| = 2|(I-M)V,N"w)|
< é(v, (I —M)?V) + (W, NNTw).

Thus, we obtain

- I-M- 1a-wm? 0
Rs1z [ 0 N(Q2 — )l — M)NT — 1]

In particular, by taking « = 1/2, we obtain

- _ — M2
RSJZI: I+3M-2M 0 :l

0 NGI-MNT -1

The first diagonal block is bounded as

3 3
—I14+3M—-2M?> I+ inf (3m—2m>»I> -1+ —min(m, e —m)l.
me[m,m] 2 2

The second diagonal block is bounded as

3
N (%I = M) NT —1>NM"1/2 (EM - M2) M-I/2NT 1

3
> —I+n, inf 1(—m—m2)lz—1
—me[mm] \2

. 3 _
+me m,i—m n,l.

This leads to Eq. (37).
Next, the upper bound is obtained as follows. From the Schwarz inequality, we see
that the following inequality holds for any positive number « and any vectors V, W
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