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The Mathematical Model Analysis for Safe Stairs Dimension

Based on Features of the Heel Trajectory

Akihiro Ohnishi®, Yoshihiro Ehara®
“Human Engineering and Risk Management Research Grope, National Institute of
Occupational Safety and Health, Japan, 1-4-6 Umezono, Kiyose, Japan

Department of Prosthetics, Orthotics and Assistive Technologies, Faculty of Medical
Technology, Niigata University of Health and Welfare

The purpose of this study was to examine the safety and accessibility of stairs for elderly
people. We found that the heel trajectories tended to become more linear the faster the
subjects descended the stairs from motion analysis, so we developed the mathematical model
to reflect the linear trajectory. Using this model, we could calculate the K value, which is the
shortest distance between the heel and the stair nosing. The value varied with the dimensions
of the stairs, the tread and the rise, and other foot placement parameters for average
descending and descending that deviates from the average. A negative K value indicated that
the heel trajectory might hit the nosing of the stair if the experimental participant descended
quickly. In this study, it was assumed that such stair dimensions could be dangerous. As a
result, it can clarify the dimensional threshold R<0.56T (cm) that is deemed safe during
average descent and the safe dimensional threshold R<0.30T (cm) taking into consideration
descents that deviate from the average to create an index useful for preventing falling
accidents when descending a stairway. Therefore it can be recommended that these

dimensions are safe for elderly people.

1. INTRODUCTION

Staircases are high-probably areas for a falling
accident. [1,2,3]. Since stair accidents frequently occur
while descend the stairs, it is important to study the
safety of stairs by focusing on what happens when
descending the stairs. To clarify the danger of hurriedly
descending stairs, we focused on the heel clearance and
identified the relationship between the shortening of heel
clearance when walking quickly and the increased risk of
danger and thus clarified the risk of danger when
descending stairs quickly.

However, the heal clearance is normally the shortest
distance at which the heel does not hit the edge of the
stair, but since contacting the edge of the stair for any
reason could cause the person to stumble, we developed
a mathematical model that can calculate the dimensions
of stairs that easily cause the heel to hit. We then entered
as a parameter the foot motion of elderly people when
they are actually descending stairs to calculate stair
dimensions that are safe for the elderly.

2. METODS
Experimental Participants
The experimental participants were four males ages

63 to 68 and four females ages 63 to 69 for a total of
eight people (Table 1). Informed consent was obtained

Table 1 The physical characteristics and the age for elderly male

and female subjects

Age (years) Height(cm)  Weight(kg)  Foot length (cm)
Male subjects 66.0+£24 1654%£38 67449 258205
=4y
Femalesubjects 653429 1558+1.0 - 550%29 23605

(=4}

Thevalues are hean £ standard deviation.

Riee: 1t
; e

Figure I The condition of descending a three-step stairway
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Figure 2 The feature of heel trajectories while the subjects

descended the staircase

from all participants before undertaking the experiments.
Walking speed

The walking speed when descending the stairs was
classified into four descending speeds using “Suitable”
as the speed of participants during normal activity and
then “Slow”, “Fast”, and “Very fast” in comparison to
this and then the participants were verbally instructed to
observe these speeds.

Measurement Procedure and Measurement Method

To measure human motion, infrared reflection
markers (2.2 cm diameter) were attached on the skin in
twelve locations (Right and left of shoulder, hip, knee,
ankle heel and MP joint) on the body of each participant.
Participants were asked to stand barefoot at the top of the
stairs with both feet aligned at the edge of the first stair.

After checking the stationary position, they started
off with any leg to descend a three-step stairway (Tread:
30.0 cm, Rise: 16.0 cm) (Figure 1) and then to continue
walking straight for two meters after reaching the bottom
of the stairs.

The trial was conducted four times (once at each
speed) for each participant for a total of sixteen trials and
during this time the positions of the infrared reflection
markers during motion were measured by six Vicon 512
System (VMS Ltd., UK) infrared cameras.

Determining Dangerous Stairs

The heal trajectory direction of the participants at each
walking speed was largely divided into the two types: a
curved line type that the heel avoid the nosing of the stair
as shown in Figure 2a, and a straight line type trajectory
like that shown in Figure 2b. These trajectories are
similar to a straight line, and Figure 3 shows the results
of finding the residual sum of squares at each walking
speed and dividing it by the number of frames.

The heel trajectories of both the males and females
tended to become linear as the speed increases; so the
trajectory linearity is shown as an expression (Figure 4).

This equation uses the edge of the second stair as the

5
g 100 8 ek subjoct
s B - O feznale subject
=
£ 60 { J
g b oo | §
=
£ o ¢ L
% |
@ b = : . : :
Slow Suitable Fast Very [ast
Walkug, speedl

Figure 3 Residential sum of squares of heel trajectories for

elderly male and female subjects

origin (0, 0), the heel position when the heel of the foot
of the second step leaves the floor at the top step as Point
A (x1, y1), and the position of the heel when the toes
make contact with the tread of the first step above the
floor as Point B (x;, y,), and then it models the line
between Points A and B.

Lockwood et al. (1990) observed that the c¢ value
obtained from the measurement results using the four
types of stair dimensions changed depending on the
dimension of the tread and proposed the following
equation (“Equation L”) [4], and this model also uses
Equation L where the value of ¢ changes depending on
the tread value.

Male ¢=0.4086xTread —7.86 (cm)

Female c¢=0.6280xTread —11.815 (cm) M
Point A in Figure 4 is expressed using the nosing of
the top step (Point AR), the tread, and the heel position
when leaving the floor, and making the angle formed
between the line that connects Point A and Point AR and
the tread of the top stair to be the sole floor separation
angle 6, and the distance between the heel and rise ¢,
gives

¥

Figure4 The mathematical model based on heel trajectories



Point A x;=-2t+c+ f— fcos6,
y,=r+ fsinf,

Point B is expressed using the bottom step edge
(Point BR), the tread, and the heel position at contact,
and making the angle formed between the line that
connects Point B to Point BR and the tread of the bottom
stair to be the sole contact angle 6,, gives

PointB x,=c+ f— fcosd,
y, =—r+ fsin6,

Expressing a equation for a straight line between
Point A (x, y1) and Point B (x, y») gives

— X — X
=W x4 1Y 2 V1 ,
Xp — Xy Xp — X, @

y:."'.

The second term on the right side of Equation (2) is
the y intercept and can be explained by the tread 7, rise r,
foot length F, and £; ¢, 61, 6,, foot position parameters.
This becomes K value.

K= X1 Yo =X N
— ®

When the K value in Equation is zero or less, it can be
assumed that the heel will hit the nosing of the second
stair and thus could cause a falling accident. In this way,
this equation model can calculate the K value making it
possible to calculate stair dimension combinations that
could easily cause the heel to hit by entering the foot
placement parameters as a constant and changing the
values for the tread £ and the rise 7.

For the foot placement parameters, the average of the
sixteen trials for both the males and females for an
average descent of the stairs was set as Parameter 1.
However, people do not always walk normally, so for
walking that deviates from the average, the foot
placement is entered into the equation as Parameter 2,
which is derived by increasing by 34% the danger rate
obtained by subtracting the standard deviation from the
average of the respective sixteen trials for the males and
females, assuming that Parameter 1 has a normal
distribution.

Note that ¢ is used as Parameter 2 and is obtained by
taking 70% of the value obtained by subtracting 30% of
the average value corresponding to the standard
deviation of 6; and 6, from the value calculated using
Equation L [4].

3. RESULTS

Relationship between Walking Speed and Heel
Clearance

The relationship between stair descending speed and
heel clearance was shown in Figure 5. The heel clearance
was in the range of 3.50 to 4.08 cm for the males and
3.46 to 4.05 cm for the females. The results of a two-way
analysis of variance showed that heel clearance is the
main effect for gender (F(1,116)9.334, p < 0.01) and
speed (F(3,116)18.521, p < 0.01). In addition, an
interaction was observed between gender and speed
(F(3,116)19.134, p <0.01).

B male subject
61 T fetnado suliject
B o5 ; L
X
R
- 2
L
= \
G ] S & ] 1
Slow Suitable Fast Very fast

Walkeng apeed

Figure 5 The relation between the four descent speeds and the

heel clearance for elderly male and female subjects

Dangerous Stair Dimensions for the Elderly
Calculated from the Mathematical Model

Parameter 1 for the eight males and females used in
the mathematical model

Males F =258cm, ¢ =(0.4086)x¢~7.860cm, 6, =593, 6,= 26.7°
Females F =23.6cm, ¢ =(0.6280)x¢~11.815cm, 6 =585, 6,=232

Entering the above and calculating the range in which the
K value is negative produced the Dangerous
(Parameter 1) range shown in Figure 6. Note that
entering a value of 21 cm or less for the tread in
Equation L gives a ¢ value that is zero or unrealistic,
showing that a tread of 21 cm or less is unsuitable.

Next, entering Parameter 2 that takes into consideration
descending that deviates from the average for both males
and females, and adding the range in which the K value
is negative, gives the Dangerous (Parameter 2) range
shown in Figure 6.

Miles F=253cm, c=((0408xt~7.86(x0.7cm 6 =525, 6,=230
Females F=231cm c=((0628)x¢-11815)x0.7cm, =548 , 6 =191
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was calculated with mathematical model

(® : The stair dimension used in this study)

As can be seen from the Figure 6, taking into
consideration descending that deviates from the average
increases the range judged as dangerous.

4. DISCUSSION

Walking speed and heel clearance were found to be
the main effects for both males and females, but the
decline in body function with increased age, increased
caution during descent, and the corresponding increase in
close observation are also considered to have an effect.

The heel trajectories were largely divided into a linear
trajectory and a curved trajectory that bulges to avoid the
nosing of the stair. All of the heel trajectories were
similar to a straight line with a reduction in residual sum
of squares accompanying increased walking speed, and
the heel trajectory was found to have a greater linear
tendency when the descent was quicker, which shows the
suitability of this model.

For the parameters entered into this mathematical
model, the value obtained by subtracting the standard
deviation from the average value was used because of the
possibility of the heel hitting on the stairs when walking
in a way that even slightly deviates from the average.
This parameter used descending conditions that were
stricter than the actual conditions to give consideration to

foot placement for which the danger rate was increased
by 34% from average walking, so if the K value was
positive, it could be deemed that the heel would not
easily hit using the stair dimensions under consideration.

In addition, since the ¢ value changed depending on
the tread value, the calculation equation was used to
make the parameters the same even when the participants
descended stairs with different dimensions [4]. The
parameters entered into the model in this way provide a
method thought to be reliable in sufficiently considering
descending conditions that were stricter than during
normal activity.

Figure 5 shows the boundary lines for Parameters 1
and 2 and can quantitatively show the dimensional
threshold R<0.56T (cm) that is deemed safe during
average descent and the safe dimensional threshold
R<0.30T (cm) taking into consideration descents that
deviate from the average to create an index useful for
preventing falling accidents when descending a stairway.

However, realizing these stair dimensions requires that
capacity tolerance be considered, and since it has been
reported that falling accidents by tripping on stairs
during earthquake evacuation are concentrated among
the elderly in Japan, it is desirable that the results from
this study be proactively used for the stairs in parks and
gymnasiums.
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