Firm y’s global best response 1. V<7
Note that py, =V —7(1 +y), for any y > 0, p, <V — 7 < 0. Therefore,
the local best response for p, < p, is not relevant. We put together the

local best responses for p, < p, < P, and P, <py < pg to get the global
best response.

1—24V+fg+pm if6V — 107 —z7 <p; < —16V1—111zr

Dy = 2V — 12— py if ——16V;111” <ps < %V —-TZ
% if py > %V —-TZ

and the locally optimal location is

y=0.

(A4V+z74ps )2

40T if 6V — 107 — z1 S Dx S 16VI111:1:T
3(zT—V+ps)(2V—27—ps)

;¢ 16V —1lzT 3
a T Spe <3V -T2
3v?

i ifPEZ%V—T:E

Ty =

2. TSV <y
Putting different parts of the local best responses together gives

(

Not defined P <3V — 77— 571
SrtradVitpe  if 3V — 77 — 572 < pp < 3V —Tr — 27T
V-7 if3V —7r — a1 <p, <6V —-10r — z7
Py =) (4V+++p“l if6V-—‘10T—.’L‘T§pxS16V1_#
2V -1 —p, ifﬁv—flll—ﬂgng—%V—'rm
\ % ifpgcz%V—T:c

and the locally optimal location is

Not defined pr <3V —-71 - 572
y= i“ﬂg—;’”—‘p’ if3V —Tr—51c <p, <3V =77 — 27
0 ifp, >3V —-Tr—zr
Not defined Py <3V — 71— 57z
(V+37‘+z'r+pz)2

167 if3V - 71 —brx < p, <3V —T1 — 27
) (5T—V+:l¢‘72":pz)(v_7') lf 3V — 77' — T S Pz S 6V _ 107_ — T
Ty —
’ LLW_’ZEOT—;&LZ ifGV—IOT—xTszval—#
3(aT—V+ps)(2V 27 —ps)

ie 16V —1lzT 3
7 R Sp S gV -2
3v2

{ S ifp_TZ%V—'rx

16
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3. 15—17'§V§ %Tand:rs %
Putting different parts of local best responses together, we get

Not defined ifp, <V —-7(1+2)
_ V-r(1+2) fV—-r(1l+2)<p, <3V —-7r—bz7
Py = wﬁi 3V — 71 — 57 <p, <3V -Tr—zr
V-1 if3V —Tr—ar<p, <V+7(1l-2)

and the locally optimal location is

Not defined . pr <3V — 71 — bar

Y= iﬁ_‘;_—ﬂ if3V —7r =5z <p, <3V —-Tr—zr

0 if3V-Tr—zr<p; <V+7(1-2x)
Not defined ifp, <V—-7(l+1x)
3(V-1(1+x)) fV-7r(1+2)<p; <3V -Tr—5z7
Ty = : :
v (Widrtaripe)® i3V 77— Ber < pp <3V - Tr —a7
(ST_V“L”;”“")(V_T) if3V—-Tr—zr<p, <V4+7(1l-2x)
V-3t

4. 15—17'§V§Z—;-Tandx2 D
Putting different parts of local best responses together, we get

Not defined if p, <3V —-T7r—572
py={ VIR f 3y 77— 57z <p, <3V - Tr—ar
V-—r f3V-Tr—zr<p, <V+71(1-2x)

and the locally optimal location is

Not defined if pp <3V - 71 —b57x
y= —_7”3‘;‘”"”” if3V—-7r—512 <p, <3V —~Tr— 27
0 f3V—-Tr—zr<p, <V+71(1-12)
Not defined if p, <3V - 77— b7z
Ty = KV—“L?llJC—:TTWLZ if3V—-Tr—-brx<p, <3V-T7Tr—z7
(rVierdp)Vor) i3V —Tr—ar <ps <V +7(1-12)

77 V-3r
5 V> ﬁrandzg T

Putting different parts of local best responses together, we get

Not defined ifp, <V —-7(1+z)
Dy = V-r(l+z) #V-r(l+z)<p,<3V-T7—>bzr
SriTeiVipe  if 3V - 7r—5er <pa SV +7(1—1)
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and the locally optimal location is

B Not defined Pr K3V —~ 77 — ST
Y :Mi%& if3V-7r—5z7<p, <V+7(1-1)
Not defined ifp, <V-—7(1+1)
Ty = 3(V—-7(1+2)) iV-7(1+z)<p,<3V-71r—5z1
2
ﬁ%i i3V —-Tr =5z < pp <V +7(1—2)

77 V-_3r
6. V2> =7 and z > 5.

Putting different parts of local best responses together, we get

_ Not defined if p, <3V -7Tr—-57z
Py = w if3V-7Tr—51e <p, <V+7(1-2x)

and the locally optimal location is

_ .Not defined if p, <3V —7r — 57z
YT mSVeEreee 63V 7r—bra<p, <V 47(1—1)
Not defined if p, <3V-Tr-57z
Ty —
v ——(V+37;r6”f:+p“”)2 f3V-1r -5 <p, <V+71(l-1x)

4.2 The leader’s optimal location and pricing

We discuss the first mover’s optimisation problem in two cases: £ = 0 and

x > 0, taking into consideration of firm y’s best responses characterised in

the previous section. Comparing these two cases gives us the global optimum

for firm z.

4.21 Ifz=0

Firm y’s best response is either y >  with pricing behaviour given in Lemma

1 or y = = = 0 with pricing behaviour given in Lemma 2.
Define the price level which gives £, = 1 to be p.

V_pz
T

=l=p,=V-7
Let p_ solves ty = t,. By definition, p, < P,

For p; < pa,

Dx=2+tzy:2+z%:_+7-y.

18
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For b, < ps < p,,
V —p, _4V+y7'—5pz+py

D,=2 tey = 97 ,

Forpz 2 p_,
VvV —
D, =32 P
T

In this section, we take firm z’s location fix at z = 0 and analyse the

optimal p, according to firm y’s best response. With z = 0, firm y can choose
y > 0 or y = 0. For every given p;, firm y can always choose to locate at
y =z = 0 and get at least the same profit level as firm z by undercutting
p; marginally. Therefore, to make (z = 0,y > 0) an equilibrium, firm z
needs to charge a price such that 7, (y =z =0) < 7y (z =0,y > 0). Firm
«’s optimal pricing is summarised in the following lemma with the proof

collected in the appendix.

Lemma 3 For x = 0, firm x’s local optimal pricing and resulting equilib-

rium profit is

( 3-v3 6
' 6 V V S r\/gT
V+1—4/2(8V2-9V7+372) 6 r 2 056r <V < 63—#2977,
p* — 5 9+\/§ ’ - - 68
z 23V —7—4/48(2V—T)(5V+1) 6&&@7 ~0.673r <V < (6— \/ﬂ) T
19 =7 =
| -V EEr Al -V) (6-V2)Tallr<V S LB~ 1.737
{ V2
27
3<\/m+4\/—7) (v— 2(8V2—9V¢+372)+7)
25T
T = (o 48(2V—7)(5V+7)+136V +1567 ) (23V — 48(2V—T)(5V+7‘)—7‘)
96047
(V—23T+4\/T(33T—3V)> (37—,/7(337—3V)>
\ T

Proof. See the appendix. m

422 Ifz>0

With z > y > 0 and r; = ry, we only need to consider the case that D,

comes from ;. Define p; to be the price level such that £, = 1. By definition
V-r(l-2)—py=0=>p,=V-7(1-2x).

The optimal p} = —‘25 if £ can act as a local monoplist. Otherwise,
pz = Pz. The following lemma presents z’s optimal pricing and location for

the caes z > y > 0 and rp, = 7.
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Lemma 4 For z > 0, firm x’s optimal pricing and resulting equilibrium

profit is

V 2r-V] V 2
(ze[F5%7], %) V<gr
(-—272“/, Z) 2r<vV< iy
(l‘,Px) = 5V+11TT 275 117 1:13 o :1:159
(—221 ) ) BT SV <537
477—23V  13V4l1ir 319 47
( 36r - 36 ) 337 SV < 537
v Vi,
@1V 112)T( V) — e
_ —117)(117—5 11 319
T = 2407 67 SV <337
(13V+117)2 31

14407 343" — =

Proof. See the appendix. m

4.2.3 Optimal z and p,

We now compare results in Lemmas 3 and 4 to get firm z’s optimal location
and pricing. Our results show that firm = always prefers to locate off the
centre. The intuition is that if firm z locates at the centre, given that firm
y can choose to locate at the centre and undercut p; marginally, the profit
firm z gets, in most cases, is equal to the profit of the second mover locating
off the centre. However, if firm x chooses to locate off the centre, since firm
y would prefer to locate at the centre, the profit level firm x gets is the profit
level for the first mover locating off the centre.

Proposition 2 ForV > 9+6\/§7 =~ 0.567, firm x always prefers to locate off

the centre with the optimal (x,p;) given in Lemma 4. For V < 9:—3—\/_57', firm

x 1s indifferent between choosing x = 0 and x > 0 with n, = ‘2/—72 in both

Ccases.

Proof. See the appendix. m

5 Three Firm Analysis

For three firm oligopoly, we propose an equilibrium configuration and verify
the parameter ranges to support it as an equilibrium. The equilibrium
configuration we focus on is z > O,Iy >0,22>0,r; #ry # 7, and the
three firms do not behave as local monopolists. With three firms, there is

even less incentives for x and y to locate at the centre.

20
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5.1 Firm 2’s decision

We solve the game backwards starting with firm z’s decision. First, it is
never optimal to have £, > 1. If this is the case, for any given price, 2z
would find it optimal to move towards the centre, since the demand coming
from r, remains the same while the demand coming from the other two rays
increase. Similarly, it is never optimal to have ¢, < 1. For any given prices,
if , < 1, z can always prefer to move outwards. The demand would remain
the same, while the firm would face less competition from the other two
firms. Therefore, apart from the case where firms are local monopolists, in
equilibrium, (p;, 2) are chosen such that ¢, = 1. For z > 0, this is defined as

V—-1{,—2)—p,=0.

Imposing the condition t, = 1 gives

pz"_V‘{"T
———————T .

z =

Let’s focus on the equilibrium where (1) D, comes from r, and ry as
well (2) firms are not local monopolists. In this case, D, = t;; + t,, + 1.

The marginal consumers are defined:
V—1(x—ts) P =V —7(tz: + 2) — D,
This gives

1= 2)+p:—p:
tyy = o .

Similarly,
_T(y—2)+py—p.
ty, = . .

With the constraint, £, = 1, the demand is

T(T—2)+Dps— T{Yy—2)+py—
D, = ( )27_ Pz — D2 + (y )27_ Dy — D= +1
_ 7-:1:+V—T+pz—2pz+Ty+V—7'+py—2pz+1‘
2T 2T

Firm z solves the problem

max Tm+V_T+px“mk+Ty+V_T+py_%z+11%
Pz 2T 2T
i From FOC,

-2 =2 T2+ V —-T4+p;—2p, TY+V-—-7+4+p,—2p.
—+=— P+ +
2T 2T

+1=0,

2T+2T
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we obtain,

T2+ 2V +p.+ Ty +p
pz(Pz: x:py: y) = 81‘ y: (3)
and + Ty + P+ 6V + 8
TZ+TY + P Dy — T
2(Pe, T, Dy, ) = = : (4)

These are firm 2z’s best-response correspondences.?

5.2 Firm y’s decision

We analyse firm y’s decision given (p;, z) and anticipating reactions (3) and
(4). First of all, the same argument in th previous section applies and in .
equilibrium, we have ¢, = 1, or

V-ny

y=1-
-

The demand for firm y is 1 — t,, and profit is,

TWY—2)+py—D:
7"yz(l"tyz)py:(1_ ( )27_ Y )Py

Substituting best-responses (3) and (4) and ¢, =1,

. V+7r+2r+p, —6py + 87
v 8T Py-
The optimal price and locations are,

V4+9r+7z+p 11V + 2l +7z+p
py(pm,x) = 12 2’ Z/(Pmﬁ) = 127 x. (5)

5.3 Firm z’s decision
Firm «’s demand is 1 — ¢;,, and profit is,

T(Z—2)+pzr —
sz(l—tzz)pz_—‘(l— ( )2sz pz)pm.

Using the best-responses (3), (4) and (5) and restriction ¢, = 1, we have,

S 357 — 17p,
T 24t

.

2The optimal choices for given (pz,z,py,y) are actually price given by (3) and any
0<z< TZ+TY+pr+py—6V 487
- - 871 :
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The optimal price and locations are,

35 , 69 V

M T, T=—-——.

P= =34 T3 7
iFrom (3), (4) and (5), we have the optimal prices and location of the two
other firms,
L A0V Gl M35V
Pv=304" Y To4a 7 P=T86" ° T 86 T
The equilibrium marginal consumers are,
. 13 . 67
tee = 720 tyz = 595¢
48 Y 272

The equilibrium profits are,

o 1225T S 42025T e 383161
7 1632 Y 55488 Z 332028

T.

5.4 Verification of the support for the equilibrium

For the above configuration to be supported as an equilibrium, the following

conditions need to be satisfied.

1. Firms are not local monopolists.

2. With r, # ry # rg, restrict the parameter ranges to the ones where

D, comes from r; and .
3. Make sure that z does not want to choose to locate on r; and ry.

4. Make sure that all natural restrictions are satisfied. That is, prices are
non-negative and locations are within 0 and 1 (weekly, although in the
porposed equilibrium, all locations should be strictly within 0 and 1).
And it should be satisfied that z < z = y.

If these conditions are satisfied, the proposed equilibrium should indeed
be an equilibirum for this three firm sequentical game.

(1) Exclude the parameter ranges where firms behave as local monopo-
lists.

To do this, for z > 0, and r, # rz # ry, we need to make sure that
t, > t, and t, > t, at the equilibirum prices and locations. By definition

V—T(§z+z)—pz:0=>§z=V;pz—z,
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vV —
V-t(z—t)—p:=0=>t,=z— pz’

-
and v
t =
L=y -
The conditions ¢, > t, and ¢, > {, are satisfied if
V- V- V- -
A L Po and Pz >y Py
T T T T

Substituting in the prices and locations from our proposed equilibrium gives

2275
-~ @’T = 1.397.

(2) With 7, # 7y # 74, restrict the parameter ranges to the ones where
D, comes from r; and ry.

Here, the comparison should be made with the case z > 0, r, # o # 7y,
and D, only comes from r,. The cases where r, = r; or r, = ry will be
dealt with separately. We argue that due to the sequence of the moves, if

. D, is restricted to cover only consumers on r,, it should be the case that
firms would choose z > y > 0 with D, coming from all three rays.

When we focus on the cases where firms are not local monopolists, the
optimal price and location choice should satisfy the conditions that £ = 1
for all firms. We analyse the game backwards and start with firm 2’s best
response. As analysed previously, £, = 1 gives z = w The marginal

consumer i, is determined by
V_T(Z—tyz) —Pz= V“T(y+tyz) — Dy-

This givesty, = ZE=UtP=Py  The demand for firm 2 is therefore

T+V+71y—2p, +py

D,=1—t, = -

The optimisation problem is therefore

<T+V+Ty—2pz+py>
) Dz
-

max
Pz

The FOC gives

pz:T+V+47'y+py and z = 57‘—3V4+7‘y+py.
T

Now we turn to firm y’s decision. Firm y is in competition with both

firms. It takes (p;,x) as given and it takes into consideration firm 2z’s best
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response. We focus on the case where Dy comes from all three rays. The

condition ¥, = 1 gives y = ’—’ﬂ:;wr—f. The marginal consumer ¢, located on

rg, is wﬁ’l. The demand for firm y is therefore

T(Z—y)+ Dz — Dy +T(z—y)+pz—py
2T 2r )

D,=1+

Substituting in the condition ¢, = 1 and z’s best response gives

T+ V +pr— 3py
27 '

D,=1+

The optimisation problem for firm y is

x+V -3
(1+T.’L‘+ +pz py)py-

max

Dy 2’7'

The FOC and the condition ¢, = 1 give

2r+712+V +p, 87+ 1 +p, — BV
Py = 6 and y = o .

Finally, we analyse the choice of (p;,x) taking into consideration both firms
y and 2’s best responses. The condition ¢; = 1 implies z = ’—’fyﬁ. Sub-

stituting in y’s best responses gives

4py — 37

Ds =1~ 67

The optimisation problem is

max (1 _ M) e
Pz GT

The FOC and the condition , = 1 give

177 - 8V

9
Ps = gT ~ 1.1257 and z = 5

;From the best responses and ¢ = 1, the prices and locations for the

other two firms are
7T 157 — 8V 157 317 — 16V
= —=0. = = — & 0937 dz=——"08v—.
Dy 3 8757, y 3 , Pz 6 0.9377, and 2 6r
The marginal consumers are

1 1
toy = 1 and t,, = 6
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The resulting profits for the firms are
27
e = (1 —tay) Pe = 3T~ 0.847,

_ urr

Ty = (1 +toy +ty:) Dy = T 1.157.

225
T.=1— ty;)p. = %7‘ =~ (0.887T.

Firm 2z gets higher profit when its demand comes from three rays. Fur-
thermore, 7, < m,. This can never be an equilibirum.

(3) Make sure that z does not want to choose to locate on r; and ry.

To achieve this, we impose the restriction that in the above proposed
equilibrium, z > 0. Note that D, comes from all three rays in our proposed
equilibrium. If in equilibrium, z > 0 and r, # r; # 7y, z does not have

incentive to move into rays z and y. The condition we require is

4
135—Y—>OorV<1435

~ 1. .
816 1 s16 7~ 1767

(4) All the equilibrium prices are positve, p; > 0, and {z,y, z} € (0,1).
The conditions are prices are satisfied. The restrictions on the positions

give
69
— - =<1
0< 3 <1,
0 409 VvV <
204 T ’
and 1435 V
——-—x<1
0<316 "7
To satisfiy the restions simultaneous, we have
%7‘ ~ 1.037 < V < 1.767.

Together with the restriction that firms are not local monopolists, we have

the parameter range for our proposed equilibrium as

2275
—r s 1. < . .
1632T 1397 <V < 1.767
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5.5 Comparison with duopoly equilibrium

;From Lemma 4, we reproduce below the duopoly equilibrium for the pa-

rameter range %7’ ~ 1.397 < V < 1.767. For firm z

(13V + 117)°

. 477 —23V. 13V + 117
N - ’ 14407

367 ' L° 36
For firm y, y = 0,

and 7, =

AV + 27+ s 67V + 297

Py = 10 180

and
__@tar+p)?  (67V+ 297)?
v 407 129607

Compare three firm oligopoly and doupoly:

For the most specilised product: p, > p, (Duopoly) if

619 67V + 207 7313
—_— T — 1 < ——T7 =~ 1.617.
8167-" 130 orlfV_45567' 1.617
Py (Three ﬁrm) > p (Duopoly) if
35 13V + 117 443
> i < ——7 =21
347’_ 36 orif V<< 2217’ T
pz (Three firm) > p, (Duopoly) if
35 67V + 297 2657
> —_— i < =~ 2. .
347_ 130 or1fV_11397' 2.331

Therefore, for the parameter range we focus on, the prices for more
specilised products always increase when the number of firms increase from
2 to 3. The price for the most standardised produce increases if V' is small
and decreases if V is large. Note that for the parameter range we focus on,
the standard product is not offered in the three firm oligopoly.

6 Welfare Analysis

With product differentiation, the welfare effect of a price incrase upon entry
is in general ambigous. Although we have demonstrated price increase with
entry, given the new product in the market and less travel cost for the
consumers, total welfare or even consumer surplus may still increase. We
explore in this section the welfare comparison between duopoly and three
firm oligopoly with the restriction on parameters, %T ~139r <V <
1.767.
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6.1 Duopoly

Note that for the relevant equilibrium, z > 0, y = 0, V (t5) > 0, ¢, = 1.

The consumer surplus for consumers who purchase from z is equal to

1 1
S = =) (V=pa) 45 (V=1 +V (tay)) (2 = tey)
1 1
= g(l—x)(V—px) §(V pI—%-V—'r(x—-txy) pz)(m_txy)‘
With y =0,
; _ pz—py+TT 297 —13V
W 27 - 4or
This gives
1 1 (297 — 13V) (297 —13V)
_ l 1_477'—23V V_13V+117'
2 367 36
1 13V + 1171 477 — 23V (297 —13V) 47 — 23V (297 — 13V
+—-{2V-2| ———— ]} — 7 — —
2 36 367 40T 3671 407

(23V — 117)? | (191V — 1437) (2097 — 113V)
25927 864007

For consumers who purchase from y, the consumer surplus is equal to

CSy=1t,(V—py) + % (V —py +V (tzy)) (tzy) -

With y =0,
P V—-p, 113V —29r
v T 1807
This gives
113V — 297 67V + 297
€S = 1807 (V )

_o 67V + 297' . 297 — 13V 29 — 13V
407 ' 407

(113V 297)2 N (569V 3777) (297 — 13V)
324007 28 8007 '
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6.2 Three firm oligopoly

For consumers purchasing from firm z

D42 (V=7 (=) = Pt V = p2) (0 )
0)(-2)
o= (B-2-B) () (3

(34V — 357)? . (2448V — 31157) (14357 — 816V)
23127 13317127 '

cS, =

For consumers who purchase from firm y

CSy = %(l—y)(V—pyH%(V—T(y—tyz)—py+V—py)(y—tyz)

1 409 14 205
= 5(“(@‘?)) (V‘M)

gy (109 V6T, (%5 409 V67
2 "\204 T 7T 272 204 204 7 272

(204V — 2057)? . (816V — 10257) (14357 — 816V)
832327 4439047 '

For consumers who purchase from firm z

CS, =

(=2 (V=) 4 5 (V= Pat V =7 (b2 +2) = 2) (5 + tas)
(V—rz—p,+V —7(2+1y,) —p2) (ty2)
1435 V 619
(m‘ - 7)) (V‘ 'sTsT)

=
2
1 9V — 9 619 . E+1435_Y_ 1435_K+13
2 816" 48 816 T 816 48

1435 V 619 67 67
ov—or{ =) —2({=—=r) -7 = —
+3 ( V= ( 816 7) (8167) T (272)) (272)

(816V — 6197)* L (122av - 14477) (697 — 34V))

13317127 27 74dr
67 (3264V — 43097)

443 904

= 4+ N =
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The total consumer welfare is higher with three firm oligopoly if

(34V — 357)? . (2448V — 31157) (14357 — 816V))

23127 13317127
(204V — 2057)%  (816V — 10257) (14357 — 816V))
839327 T 4430047
(816V — 6197)>  (1224V — 14477) (697 — 34V)
13317127 277447
67 (3264V — 43097)
443904
(23V — 117)? . (191 — 1437) (2097 — 113V)
= 25927 864007
(113V — 297)%  (569V — 3777) (297 — 13V))
32400 T 28 8007 ‘

Or if
30877916V 2 — 105782 2967V + 8932946972 < 0.

This holds for

1555622 — /33880 360 425 1555 622 + /33 880 360 425
~ 1. < < ~ 1.
908 174 TRISlrsV s 908 174 7~ 1927

Therefore, for our parameter range, total consumer welfare increases for
1.517 < V < 1.767.

7 Conclusion

We utilitise a new product space specification to study firms’ incentive to
customise. At first glance, the product space looks similar to Chen and
Riordan (2005). However, the interpretation is very different. In Chen and
Riordan, they do not analyse firms’ location choice. Each firm provides one
variety and is located at the end point of each spoke. In our model, the
product space gives a natural interpretation of standard versus customised
products. Our results indicate that in a sequential move game, the first
mover always offers the standard product. The follower customises. Com-

petition among firms softens as consumers’ travelling costs increase.

8 Appendix

Proof. of Lemma 3
Case (A) If p, <V -7
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Firm z solves

AT +py — Pz + TY (117 =V —py)
max Py = ——————"D.
D= 2T 47

The FOC gives
_1r -V

Pz = 5
Checking the boundary values:
DoV ocy_ritv > Braasse
2 3
For y > 0, we require
117 -V
2
Therefore, for V < 37, y > 0 and the optimal p} = p,. For V > 37, the
optimal y = 0 and z = 0 is never an equilibrium. At p, =V — 7,

>3V —-570rV <3r.

my(y=2=0)=3(V—-171).

On the other hand, if y locates at y > 0, my = Z—:. Firm y has the

incentive to locate at the centre if
V2
— <3 (V-r).
4T
Or if
Vi-12rv + 1272 <0.
This holds for

(6—@)7%1.1T§VS (6+\/ﬂ)rz10.9¢.

Therefore, for 7 < V < (6 —+24) T = 1.17, firm y does not have an
incentive to locate at the centre and p, = V — 7 is a local maximum for
xz = 0. For (6 — \/2_4) 7 <V < 37, firm y would have the incentive to locate
at the centre and firm z faces the price under-cutting constraint. To make
firm y indifferent between staying off the centre and locating at the centre,

firm x needs to charge a price such that

(V4 71+ps)
3o = 167
This holds for
pr =231 —V £ /481 (117 = V).
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Note that 237 — V — /487 (117 — V) > 0.
27—V -4 (1171 -V)<V -7

if V2 — 12V 7 + 1272 < 0. This holds for the parameter range. Also 237 —

V+/8B8r(1lr-V)>V —r.

Therefore, the local equilibrium in this case is that for V' < (6 — 24 T ~
11r,p, =V — 7 and for (6—v24) 7~ 117 <V <37, p, =237 -V ~

VA48T (117 = V).

The constraint y > 0 requires

23r—V — /487 (117 = V) > 3V — 57.

(Tr=V) > /31 (117 = V)
TT—V>0ifV <77

Therefore, this does not hold for V' > 77. For V < 77, this holds for

V< 1L—-2———\/ﬁ7' a2 1.737.

At py =237 -V — /487 (117 — V), the resulting

T =

Wr—V—p) _ (V-2r+4/r@r=37)) (37— /737 —3V))

4T T

Case (B) If V—7<p; < %V—T.

Firm z solves

4V + y7 — 5pg + py TVp, + 37py — 9p2
max mqg = Pz = .
Px 2T 47-

The FOC gives the local maximiser

. TV +37

Pz 8

Checking the boundary values:

TV + 37 . 21
>V - < —7=1. .
13 >V TlfV_llT 1.91+
WV +3r 5 . 21
< -V — > —7 0. .
13 _3V TlfV_23’T 0.917
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Therefore, for V < ;—:137', the solution is a corner solution with the optimal
pE = %V - 7. For %T <V<L %—%’T, the optimal p, = ﬂl'*éﬁ. For %7‘ <V,
the solution occurs at p, = V — 7. The analysis is performed in Case (A).

For &7~ 091r <V < &7, p, = VAT Ify > 0,

o _ T+ po)?  (25V +217)°
v 167 51847

i From Lemma 2, if y =2 =0,

TV + 37 V- 7V 4+ 3r) (11V — 37
Wy(py: ):3 pr(py) ( )( )

18 - 1087
Firm y would choose to locate at the centre and undercut p; if

(25V + 217)° < (W +37) (11V — 37)
5184r 1087 '

This holds for
237 + /2737152

3071

Therefore, when the solution is interior, for the relevant parameter range,

T2 0.627.

V2

firm y always has the incentive to locate at y = 2 = 0 and undercut p;.To

eliminate ¥’s incentive to undercut, x needs to price such that

3

7 \Pe 167 '

This gives the constrained price

93V —7— BBV = 1) (5V +7)
Dz = 49 .

V—ps
Note that O3~ ZEps) ) > 0 and indeed firm y would

Ips pam 23V =7 /BEV-)EVH7)
L 49
not have the incentive to undercut p; at this range..This solution falls into

the relevant parameter range if

23V — 71— /48(2V —T) (BV + 1) <§

19 _3V—’T.

This is true for the relevant parameter range.

23V—T—\/48izV—T)(5V+T) Sy

if

247 — 13V > /12(2V — 1) (5V + 7).
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4r-13V2>20ifV <L %T =~ 1.857.

Therefore, the inequality does not hold for V > %7‘ =~ 1.857. For V <
%T =~ 1.857, the inequality holds if

V< (6—\/22)7’%1.1’7’.

Therefore, for %T <V< (6 — +/24) 7, the local optimal price for firm =

23V —7—+/48(2V —7)(5V +7)
19

is pr = . The resulting profit for firm z is

(9\/48 @V —r) BV + 1)+ 136V + 1567-) (231/ — VBV -—D BV +7) - 'r)
II; = .
96047

Case (C) If 3V — 7 <py <2V -7

In this case, given py, if y > 0, firm y chooses (y,py) such that #; = ¢,.
If y =0, y chooses py = p; — €. In equilibrium ¢ — 0.

—g—V—TS gifVS 27%0.867.

For gr <V<L %TI both local maximisers fall outside of the relevant
regions and the global maximum occurs at p} = gV — 7 with the resulting
profit

Te =3

V—ps 5V =37) (31 —2V)
Pz = .
T 37
For p, = gV——T and y > 0,

(1—V +p)(BV —7—pg) 4V?

e 2r ~or

Firm y would have the incentive to locate at the centre for the relevant
parameter range. Therefore, firm z needs to price below p, = gV — 7 and
eliminate firm y’s incentive to locate at the centre. For p, < %V — T, Py’s
best response is analysed in Case (B) above.

For %T <V <L g’/", %V -7 < -‘2£ < 2V — 7 and the local optimal p,
without the price undercutting constraint is p, = % Firm y’s best response
when y > 0 is to price such that ¢, = t.. Since firm z gets effectively the
unconstrained monopoly profit, firm y would always get less profit locating
off the centre and would always has the incentive to locate at y = 0. To
eliminate firm g’s incentive to undercut, firm x needs to price such that

3V ope, (- VAp)@V —7—ps)

T
T 27
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This gives the constrained p;

’ _V+7—4/2(8V2-9VT4372)

—/ 2 2
Note that —~ 2(8‘/5 OVr+377) > 0 in the relevant parameter range.

— 2 _ 2
V+r \/2(812 9Vr + 372) ng_T

if

67 — 23—2V > /2 (8V2 -9V T+ 3r2).
This does not hold if

67'—23—2V§00rVZf—17z0.827—.

For V S'%T =~ 0.827, this holds for

-2

V+71—+/2(8V2—-9V7r+3r2)

5 <2V -1

if

61 — 9V < /2(8V2 -9V T + 372).

This holds in the relevant parameter range.

Therefore, for %—29—77 ~0.67r <V < gr, the equilibirum falls into the
first part of firm y’s best response. The analysis is presented in Case (B). For
%T <7< %T ~ 0.677, the optimal p, is p, = Yoy 2(8‘22—9VT+3T2).

The resulting m,, is

3(VE@VT—9Vr 737 +4V —7) (V- EEVE =9V +37) + 7)

M = 251

Case (D) If 2V —7 < p,
When p, > 2V — 7, both firms act as local monopolist. The relevant

demand is D = 3¥=P= The local maximiser is interior if
T
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