4.1.1 Firm z chooses t =0

When firm z locates at the center, firm y can either chocses to locate off the
center and sets its price optimally given p, or it can choose to locate at the
center. If firm y locates at the centre, its optimal strategy is to undercut p,
marginally whenever p, < % For p: > %, the optimal p, = %

local optimum with y > z = 0 Note that with z = 0, for consumers
from the other two rays to purchase from firm y, it must be the case that
even the consumer located at the center purchases from firm y. Since z is
the consumer located at ('s ideal bundle, if this consumer buys from y, it
implies that Dy = 0. This clearly would not occur in equilibirum. First,
even if p, = 0, firm o can still charge a low but positive price and induce the
consumer located at the center to buy its good. Second, with D, coming
from the other two rays and D, = 0, firm y's best location would be to
locate at y = 0. Therefore, for the analysis here, we only focus on the case
that D, comes only from r,,.

To characterise Dy, we define two critical p, levels. Let p; be the price
such that £, = 1.

V-r(ty—y)-m=0

E=V+P{+y=1¢p,sv-r(l-—y) (1)

. The second critical value is the p, such that ¢, = fr. Let this price level
be pa.
repm Veps
T T
Notethat py 2 pp ifp: 2V —=2yr+7. Forp. <V =2yt + 7, ;1 < pa:

¥- S p=2V —yr —pa (2)

Dy=1-ty PyEm

Dy=ty—tey m<py<p2

Dy=t,-t, m2p
Forp 2V =2yt +7,p1 2 p2:

Dy=1=ty p<m
Dy=1-t, m<m<m
Dy=%-t, p2p.
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Given (pz,z = 0), firm y charges the local monopoly price, -E-. if there is
enough space left on ry,. Or if
= V-p_ V
1-:,:1-%2;@;&32»’-7.
For pr < 2V — 7, the two firms are in competition and in equilibirum, all

consumers on 1y purchase one unit of good.
Remark 1 For y > z = 0 with Dy coming only from vy, firm y's local
optimal location is to locate at I, + 3= < y < 1— 2= if px > 2V — 7 and
ty = 1 otherwise.

Consider the case when #, > 1 and t,, < tx, tsy is defined by

TY + Py —
V—‘r(y—t,w)—p,:V—r!n—pxﬁtnzy—;erz‘

The demand for firm y is

DP=1_tw=1_f”__"*’g.:—_pE_

The demand which comes from the further end of the market is 1 — y and
the demand which comes from the end closer to the centre is

TY =Py +P=
ﬂ“xy=+'

For any given p,, by moving closer to the centre, the marginal gain of
market from the far end is 1 while the marginal loss of market due to more
competition with firm = is —é. Therefore firm y always has the incentive
to move closer to firm z. On the other hand, when 7, = 1 and S 2, by
moving closer to the centre, the marginal loss of demand is —1 while the
marginal gain of demand is . Therefore, the optimal location is the one
such that fy =1.

For p; < 2V — 7, y always locates in the position such that 7, = 1.

fy=1eV-7(1-y)—p,=0.

This gives
and
DV — l_tw=l_fy+py~pz =l_f'—'l:-m+m—P=
27 2r

V+7+pz—2py
27 '
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Firm y solves

_Vir+p-2p
mpa:xrr" 7 Py-

The FOC gives the optimal price and location,
_VHr+ps _ i =3V+p:
Sy i e
Note that p; 2 pg if p. =2 V — 2y7 + 7. Substituting in the equilibrium
price and location, p; > ps if
57 -3V + Pz

> - = =
pz2V-2ur4+7=V-2 i

+7.

Or if 5
Pz 2 '3'V_T-

Since 3V -7 <2V -7, for JV-r<p.<2V-7,;1 > 2.

For p, < gV—-randpl <p3 Dy=1-ty. Forp; > g‘l/—'r,pl > pa.
Therefore, for EV -7 < p; < 2V — 7, the solution is a corner solution
with the optimal price and location determined by #, = 1 and t, = Z;, or
Py = p1 = pz2. This gives

_V=pst7T W —7—p:

— L]

2r ' Py )

and
o _(T=V4p) BV —7—ps)

'
27
We summarise the firm y's best response in the following lemma.

Lemma 1 If 2 =0, y > 0 and Dy comes only from ry, firm y's local best
TESPOTISE 15:

Virt 5r—3V+
i L
Py = — y Y= SEx ,._ '
% y2tz+ %
Virips)? pe <8V -7
o= r=Vip)3V-r- V—r<pe<2V-71 .
Pz = 2V -7
Note that we need the additional restriction that y > 0.
5"+:’:‘"p=. >0=bp, >3V -5r.

;V—723V-51'ifv53r.
For pr < 3V — 57, firm y's optimal response would be y = 0.

9

221



local optimum with y =0 Given z = 0, if firm y chooses y > 0 and p, so
that it sells to other rays, as discussed previously, this implies D, = 0. The
optimal location is therefore y = 0. For any given p,, by moving from y > 0
closer to y = 0, the increase in D, comes from the other two rays while the
decrease in D, is only from ry. Note that if we compare two equilibrium:
(r=0,y=0) and (z = 0,y > 0), it may be the case that m, (y =z =0) >
7 (z = 0,y > 0). By undercutting firm z a little bit, firm y practically gets
the same profit as firm x, except that there is no additional firm out there.
Therefore, as long as v (tzy) > 0, my(y =2 =0) > m (z = 0,y > 0).

Lemma 2 When z = 0, y’s local best response so that D, comes from all
rays is y = 0 and

py = | Notdefined p: <
14 Pz> 3
B o Natade!ined p: <% |
S
For pr < %, firm y would like to charge p, as close to p; but not equal
to pz. For continuous price setting, the best response is not defined.

4.1.2 Firm z chooses = > 0

We analyse in this section the case where firm x chooses z > 0. We first
argue that the following two cases would never occur in equilibrium: (1)
y >z and ry =13 (2) y > 0 and 1y # 7;. Therefore, the only case we
need to consider is £ > y > 0 and r, = r;. These three cases completes the
analysis for z > 0.

1. y > z and ry = r; is never optimal
For z > 0 and ry = r;, firm y would never locate at y > = > 0.
Apart from the trivial case where both firms act as monopolists, for
any given py, firm y is better off by locating at ry, # ..

2. £ > 0, y > 0 and ry # r; is never an equilibrium

If y > 0,1, # ry, and Ly, locates on rz, then by moving towards 0, the
loss of demand from ry, is compensated by the gain of demand from ry,
i # r2 # 1y. Therefore, total demand from ry, # r, remains the same

10
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while demand from r; increases. Thus, it is never optimal to choose
y>0and ry #re. Ify > 0, ry # 1z, and £, locates on 1y, then by
the same argument, it is never optimal for x to choose = > 0.

Therefore, the only case we need to analyse here is z > y > 0 and
ry = rz. We proceed by analysing D, and optimal (py,y). To facilitate our
discussion of Dy, we first define a few critical price levels:

p,solvesty =t, =p =2V -7(z~y) = ps.
ﬁysolvmgv-.:lﬁﬁv=v_r(1+y)_
pgsolves;y=0=%p2 =V -1y
: 3 < : —v
By definition, p, < pj andp,-:gy.;_)vnglfyg%.
Note first that p, ng would never occur in equilibrium. If this is the
case, given any price, y is better off locating at r, # r;. We analyse the

cases for p, < pl here. Therefore, for y < Z=Ytes Py > p, > Py, and the
demand for firm y is

2+tw=ﬂx_"¥?l'?-'_'h Py < Py
Dy = 28, + tyy, = Lipe—Spytriz—) Py<py<p,-
B2, =3y p, <Py <p

Foryzﬁé';—"'&wehaveEFZpgb-ﬁ,,md

5 2+tw=ﬂﬂﬁy_+m Py < By
L AV4py — +1{z— -
2y + oy = E=BETE. 5, < py < pf

First, notice that for the demand specification, firm y would only prefer
to choose a bigger y in the region where the (y, p,) combination gives py (y) <
Py- In other cases, firm y would like to locate as close to the centre as
possible, This gives y* = 0.

We discuss each of the demand specifications in turn.

Case 1 For p, < fy, m, increases in y. Firm y would like to increase y
provided that the conditions y < z and py < iy, or equivalently, y < “=Z=B,
are satisfied, Therefore, y* = min { 2, Yorn }

T

zsv'%&up,,sv—r{n-z).

11
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Therefore, the optimal (y, p,) combination is that for p, <V —7(1+z),
firm y locates at y = z. For p, > V — 7 (1 4 z), the optimal (py,y) satisfies
Py=pyory= %

For py <V —7(14z) and y =z,

D, = 3 ifpy <ps
0 ifp, > ps.

We assume that firms share the market if they charge the same price. This
case, however, will not oceur in equilibrium. For p; < V — 7 (1 + z), the
local best response is p, = min{V —7 (1 +z), Not defined}. For the not
defined part of the best response, firm y would like to charge p, as close
to p; as possible with p, < p.. As noted previously, for the model with
continuous price setting, the best response is not defined.

Forp, >V —7(1+z),p,=p,=V —7(1+y). This gives

e (3T+TI+V+”1_2P_U)”’.

27

The FOC gives
_ 3tttV +ps

4
Note that with the restriction y = 0, the solution is only relevant for

pV-—r

Or
P <3V = Tr —zr.

For p, > V — 7, the corner solution occurs at y =0 and p, = V — 7.
The solution is interior if

31‘+1'::+V+p=

1 >V-7(l+z)

or if
px > 3V = Tr - brz.

Compare the critical values:
V=Tr=brz2V-7(l+2z)
if

& V—3-r'
T NeT

12
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Forzszi_éu,theluca] best response in the area p, < p,, is

Not defined prsV—-1(l+41z);
V-7(l4z) V-1(1+4z)<p: <3V -Tr-57z;

p =
VU StrzpVem gy 77— Bre<p, <3V —Tr—am
V-1 pz 23V =Tr —z7.

For = > K.‘T;k. the local best responses are

Not defined pr <3V = T7 = brzx;
py={ r=tVine 3y _7r —Grz <p, <3V - Tr—zm
V-1 pr 23V = Tr —zr1.

Case 2 For jpy < py <p, and p, <py, <,

4V + p; — bp, + 7 (z — 3y)
sr,:( = g’;_ Py

Firm y’s profit, m,, decreases in y in this region and firm y would like to
locate as close to the centre as possible. Given that the boundaries of this
region is defined by py < py < p, and py < p, < Py, the optimal location is
y* satisfies p, = 2, ifpy >2V—rz—p;, ' =0if V—7<p, <2V—-r2—p;
and y* satisfies p, = py if p, < V — 7. Note that the part where py, = p_ is

only relevant for y < E{,—*'&
For py, < V — 7, the local optimum satisfies p, = p, with the local best

response py, = YCETEEVIRL ang gt = ZTTHVIToRe . With y > 0, the local

best response is relevant for p; < 3V — 7r — 2r. For p: < 3V — Tr — a7,

3—"’—}'4'3" 2tVite <V -1,

For V — 7 < p, €2V — 72 — p;, the local optimal location is y = 0 with

4V + pe — bpy, + 7z
e (e,

2r
The FOC gives the local best response

_ (4V 427+ p,)
0= 10 :
(4V + z7 + ps)

10 2V -7rifp, 26V - 107 — z7.

13
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w Szv_-rx_P:

10
if
16V — 1lz7
e e
m >6V —10r—zr if V < 15—17‘:&2.21'.

For p, > 2V — rz — p., the optimal y satisfies p, = p, or

y= oW Aty

r

This gives the profit

_(V—sr—p—p)py

o,
v T

The FOC gives
5V —z7r —p:
PR S B

_5.1_,,._:_.3;_1::.’_’.’. 22V -1z —ps if pe > Hf_._.r_,l"f.
Check the boundary values:

6V—-10r—ar 23V =-Tr—zrif V>

16V = llz7
11
11V - Txr 49

7 _>_3V—7'r—z:rlfV_<_ﬁ'r.

23V—7?—zfifl’$grmd.531‘.

M 26V —-10r—zrif V < E? ~ 2.2581T.
/ 31
Note that
11V = Tzr S 16V — llat
7 5 11 :
For V < 1, since the region p;, < V — 7 is not relevant, the local best

response is
SW_'F;OE'M if[iV—ll)'r—:r:rs]J,g’—W—ﬁl—‘£
p’= 2V—T.’B—p¢ if 16V -1lzr spxg 1NV -—Tzr >
EV-xr-ps if Ps > 11V ~Tzr
14
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Forr<V < -1531-‘ the local best response is

Irarathbps if pe <3V —Tr — 27
V-7 if3V-Tr—azr <p, <6V - 107 —zr
Py = (¥ 4rips) if 6V — 107 — zr < p, < 1Vclier
2V ~ 72 - py if =1lzr <pe < 11V ~Tzr
EV-zr-p, if pz > 1V -Tzr

For 7 <V < I, the local best response is

Pw‘{ JriraiVip, if pe <3V = Tr — a7

V-1 f3V-Tr—zr<p:<V+r(l-2)
For V > gr. the local best response is

LerrnEVidpy  =Tr-pdV —ar—n,

4 ! 4T

and
(V437 + 27 +pe)?

oL 167
forp. <V +7(1-x).

Case 3 Finally, for the case p, Spy < Py the local best y* = 0 with
Py = % The solution is interior if ¥ > p . Or if
v
7 22V -1(z—y)—p=
This holds for p, = gV — 72. Note that this demand specification is only
relevant for p; > V = 7 (z - 2y).

Therefore, the local best response for p, > z, is

2V-rz—p, V-12<p.<3V-rz
W= V
7 Pz > 3V - 12

The optimal location is y = 0.

We are now ready to characterise the global best response for firm y. We
compare the three different local best responses to get the global response.
First, for p, > 3V — 7z, the best response is p, = ¥%. This gives the

unconstrained monopoly profit. Note that 18VFLIT < 3y _ py « UV Tar,

15

227



Firm y’s global best response 1. V <71

Note that py =V = 7(1 +y), for any y 2 0, p, <V — 7 < 0. Therefore,
the local best response for p, < py, is not relevant. We put together the
local best responses for py < p, < P, and r, <py < pg to get the global
best response.

QVierits)  if 6V — 107 —z7 < pp < M8¥ller

Py = 2V -tz —p, if —ﬂ—lw‘”‘" <p < gV—-ra:
%— ifps 23V —r1a

and the locally optimal location is

y=0.
2
l&"'i‘?’& ;fsv_lo.,-_m-spagut’_l—ll_m
my = 3{=r—v+p_,fzv—rr—p.) if 18Volar < ) < %V o :
%VT, if pr 2 gV -7z

2.rSV¥r
Putting different parts of the local best responses together gives

Not defined pe <3V —T7—b7z
ITAVAPe  if 3V —Tr ~ 5tz <ps S8V - Tr —ar
V-r if 3V — 71 — a1 < p; <6V — 107 — a7

A=) @V if 6V — 107 — a7 < p, < 18Vller
2V — 7z —p, if 8V < p < 3V — 72

| % ifpngl’—-ﬂ:

and the locally optimal location is

Not defined pr <3V —Tr =572
y={ =ItVosropy 3y 77 —5rz <p. <3V - Tr —ar
0 ifpe 23V =Tr —z7
[ Not defined pr <3V —Tr -5z
2
e et if3V —Tr—b5rz<p. <3V —Tr—z7
RS ST VAP )VoT)  if 3V = Tr— 27 < pe < 6V — 107 — a7
I {V-iasip)” if 6V — 107 — 27 < p, < 10Vl
3(zr-Vip:)(2V-zr-ps) if ng’;]ll:r <ps < %V e
\ %‘; ‘f p-'t 2 ;V =TT
16
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3. Jslrsvgg'randzg EE;:-’-’-
Putting different parts of local best responses together, we get

Not defined fp: <V—-7(1+2z)
i V-r(l4z) #fV-7r(l+z)<pr<3V-Tr—05zr
=) simpVese 3y 7y —Ser<p, SV —Tr—ar
V-r if3V-Tr—zr<p. <V+7(l-2)

and the locally optimal location is

Not defined pr <3V - 71 — b7t
y={ —INIrepe i3V —7r —Ser <p. <3V - Tr —ar
0 if3V-Tr—zr<p <V+7(l-2)
Not defined ifp, £V—=71(l14z)
2 3(V-7(1+x)) fV-—7(l+2)<ps <3V —Tr—bar
& i Vtirtarps)’ if3V —Tr —bzr € p: <3V —Tr —z7

-(—TL]-[—H"V"":‘ ey if3V —Tr—ar<p, <V+71(l—-2)
4, «E-rgvg;;-rsndxz zi;k

Putting different parts of local best responses together, we get

Not defined ifp: <3V —Tr - 51z
py=q ¥ERViB 3V 77 -5z <p, <3V -Tr—z7
V-1 f3V —Tr—zr<pz:<V+7(l—2)

and the locally optimal location is

Not defined if pr <3V —T7r - 571z
y=q =EBV-ITops 3V —7r -6z < ps <3V —Tr—2r
0 if3V —-Tr—azr<p. <V+71(l-23)
Not defined ifpr <3V - 77 - 512
Visrisripe) 3V -Tr -5t Spa <3V —Tr—ar

1ry=
et elivet, 3V —Tr—zr<p, <V+7(l-2)

5 V2Hrandz < G2
Putting different parts of local best responses together, we get

Not defined fp:<V-1(1+2)
oy = V—r(l+z) #V-1(l+z)<p: <3V —Tr—5zr
SraradVip, if3V —Tr—bzr <p < V+7(l—2)

17
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and the locally optimal location is

o Not defined pr <3V = Tr = bzt
Y=\ Imtomom 49V -7 —Ber <pe SV T(1-12)
Not defined ifp. <V-7(l+2)
Ty = 3(V-7r(l+2) ifV-7r(l+z)<p:<3V-T7r-5bzr

Wtdrdarips) i3V 77 -Bar < pr <V 47(1-2)
6. V2> Hrandz> 220,
Putting different parts of local best responses together, we get

W Not defined if p, <3V —T7r —brz
Py = YirsiVip: 3V -Tr—5rz<p. <V+7(1-2)

and the locally nptima.l location is

"} Not defined if pp <3V = Tr = b1
3 M:iﬂ‘ f3V—-Tr—b5rz<p < V+r1(l—21)
e Not defined ifp: €3V =7r—brx

L Mﬁ?i&ﬁ if3V —Tr—-b6rz<p. <V+7(l-2)

4.2 The leader’s optimal location and pricing

We discuss the first mover’s optimisation problem in two cases: z = 0 and

z > 0, taking into consideration of firm y’s best responses characterised in
the previous section. Comparing these two cases gives us the global optimum

for firm .

421 Ifz=0

Firm y’s best response is either y > x with pricing behaviour given in Lemma

1 or y = z = 0 with pricing behaviour given in Lemma 2.
Define the price level which gives . = 1 to be p;.

V- =

_j' == Pr= V-1

Let p_solves #; = t,. By definition, px <p,.
For Px S. 53‘!

D,=2+t,,=2+31:1’2-’;—"i‘-’.

18
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For p- < p. EE‘&

P L]

D,=2 e -

Forp,Zg_t,

V-
D, =3—".
In this section, we take firm z's location fix at z = 0 and analyse the

optimal p; according to firm y’s best response. With = = 0, firm y can choose
y > 0 or y = 0. For every given p;, firm y can always choose to locate at
y =z = 0 and get at least the same profit level as firm z by undercutting
pz marginally. Therefore, to make (z =0,y > 0) an equilibrium, firm z
needs to charge a price such that m, (y =z =0) < 7, (z =0,y > 0). Firm
z's optimal pricing is summarised in the following lemma with the proof
collected in the appendix. L

Lemma 38 For z = 0, firm z's local optimal pricing and resulting equilib-
rium profit is

( 8y V<l

Vir— BBV Vi) 9
ke r- BRI T 0.56r < V < By,
28V 7BV T)EVFT) 83-y2077 ~ 0.6737 <V < (6— v20) T

8

o
s(\/z[sw-swq-sﬂ)“v-fggv- a(sw-wﬁ-sfmr)
M 1= (9\/18(2V—r)i5V+1'}+138V+g)(ﬁV-‘fw(ZV-r}(ﬁV+r -r) -
T
(V-237+4y/7(337-3V) ) (37 /7(337-3V))
\ T

Proof. See the appendix. m

422 Ifz>0

With > y = 0 and r> = ry, we only need to consider the case that D,
comes from r,. Define .. to be the price level such that £, = 1. By definition

Vor(l-2)-pr=0=>p.=V-7(1-2).

The optimal p} = «E if  can act as a local monoplist. Otherwise,
Pz = p=. The following lemma presents z's optimal pricing and location for
thecaesz >y 2 0and rp = 1.

19
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Lemma 4 For x > 0, firm z’s optimal pricing and resulting equilibrium
profit is

(ze[%-%::"]-%) vir
ok (%55, %) frsVsir
' (svisur 27V~ I.'Ir} _}_é,r <V< a_g,.
( Tf—ﬂ 1§V%]17) ﬁ%f S v S %1‘
v V< Tr
- 27V -117)(117—6V {'BT <V { =
(13V+117)? §3§ <V < 75""

Proof. See the appendix. =

4,.2.3 Optimal z and p,

We now compare results in Lemmas 3 and 4 to get firm z's optimal location
and pricing. Our results show that firm z always prefers to locate off the
centre. The intuition is that if firm = locates at the centre, given that firm
y can choose to locate at the centre and undercut p, marginally, the profit
firm x gets, in most cases, is equal to the profit of the second mover locating
off the centre. However, if firm x chooses to locate off the centre, since firm
y would prefer to locate at the centre, the profit level firm z gets is the profit
level for the first mover locating off the centre.

Proposition 2 ForV > —6751- =~ 0.667, firm x always prefers Lo locate off
the centre with the optimal (z,p;) given in Lemma 4. For V < 9+ 57 firm

z is indifferent between choosing x = 0 and x > 0 with 7 = -1; in both

Cases.

Proof. See the appendix. m

5 Three Firm Analysis

For three firm oligopoly, we propose an equilibrium configuration and verify
the parameter ranges to support it as an equilibrivm. The equilibrium
configuration we focus onis z > 0,y > 0, z > 0, r; # 1y # 72, and the
three firms do not behave as local monopolists. With three firms, there is
even less incentives for = and y to locate at the centre.

20
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5.1 Firm 2's decision

We solve the game backwards starting with firm z's decision. First, it is
never optimal to have £, > 1. If this is the case, for any given price, z
would find it optimal to move towards the centre, since the demand coming
from r; remains the same while the demand coming from the other two rays
increase. Similarly, it is never optimal to have 7. < 1. For any given prices,
if ; < 1, z can always prefer to move outwards. The demand would remain
the same, while the firm would face less competition from the other two
firms. Therefore, apart from the case where firms are local monopolists, in
equilibrium, (p;:, z) are chosen such that £, = 1. For z > 0, this is defined as

Ver(f=z)—p.=0.

Imposing the condition t; = 1 gives

Px—V+7
—T i

=

Let's focus on the equilibrium where (1) D; comes from r; and ry as
well (2) firms are not local monopolists. In this case, D, = .. + t,. + 1.
The marginal consumers are defined:

V—1(z—tz:) =pz =V = 7 (tez + z) - p:.

This gives
T(T—2z)+p:—p:
t:.='—'—'—a;~'"'-—"-.

Similarly,
.V S e Y

27
With the constraint, £ = 1, the demand is

T(@—2)+p:—p:  TU—2)+Dy—D: 2

D. = )
2r 2r
e+ V—-74+p:—2p; TY+V-—-7+4+py—2p:
= o +1.
27 2r

Firm =z solves the problem
n}u(ﬂ:+v—‘r+p:—‘2p,+1'y+V--r+py—-2p,+I)pz‘

27 27
iFrom FOC,
-2 =2 2+ V—7+p:—2p;, vtV —7+p;—2p: e
(F"'z—r)”” 2r o 27 =0
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we obtain,
p,(p,,a:,pv,y)=T$+2V+:’+W+Pﬂ- (3)
and
z(pz‘x!pwy)=Tz+ry+p,;;p,,-ﬁv+8f. )
2

These are firm z’s best-response correspondences.

5.2 Firm y’s decision

We analyse firm y's decision given (pr, z) and anticipating reactions (3) and
(4). First of all, the same argument in th previous section applies and in
equilibrium, we have f, = 1, or

V-p

-

y=1-

The demand for firm y is 1 — t,; and profit is,

“v=(1—tuxlm=(1_W)pﬂ

Substituting best-responses (3) and (4) and 7, = 1,

Va4r4aor+ps— + 87
ﬂ":( 81'3: = )p"

The optimal price and locations are,

V49747124 ps —11V + 217 + 72 + p2

Py(pa ) = TIPSy ) = s ®)
5.3 Firm 2’s decision
Firm z's demand is 1 — t,;, and profit is,
- + —
g = (1 = tzz)pz = (1 T3 ) 3)21- fa Pz) Pz

Using the best-responses (3), (4) and (5) and restriction #, = 1, we have,
_ 357 —17p,
LS e
?The optimal choices for given (ps,x, py,y) are actually price given by (3) and any

TE4TY4+ Py 4py— OV 4T
0<z< _LLEEI_
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The optimal price and locations are,

(From (3), (4) and (5), we have the optimal prices and location of the two
other firms,

e AT | Sl L SR . i
h=md" V"o 7 =g 88 T
The equilibrium marginal consumers are,

TR e Lo LT
= T om
The equilibrium profits are,
) . _ 42025 . _ 383161

"z = 1632’ <™ = 55488’ <™ ~ 332028

5.4 Verification of the support for the equilibrium

For the above configuration to be supported as an equilibrium, the following
conditions need to be satisfied. :

1. Firms are not local monopolists.

2. With r; # ry # rs, restrict the parameter ranges to the ones where
D; comes from r; and ry,.

3. Make sure that z does not want to choose to locate on r; and ry,.

4. Make sure that all natural restrictions are satisfied. That is, prices are
non-negative and locations are within 0 and 1 (weekly, although in the
porposed equilibrinm, all locations should be strictly within 0 and 1).
And it should be satisfied that z < z = y.

If these conditions are satisfied, the proposed equilibrium should indeed
be an equilibirum for this three firm sequentical game.

(1) Exclude the parameter ranges where firms behave as local monopo-
lists.

To do this, for z > 0, and r, # r; # ry, we need to make sure that
t. 21, and ¢, > t, at the equilibirum prices and locations. By definition

V-f(_t,,+z)—p,=0:*.-§x=va’

—
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V=
V-r(z-t)-pe=0=t, =2 - —2=,
and v
e A E
=y =
The conditions ¢, > {, and t, > {, are satisfied if
—V_p’—zzz—v_p:andV—p'—zZy-—-—-E”_ g
T T . T

Substituting in the prices and locations from our proposed equilibrium gives

2275
N
V2> Tk 1.397.

(2) With r; # ry # 1, restrict the parameter ranges to the ones where
D; comes from rz and ry,.

Here, the comparison should be made with the case z > 0, r; # 1 # 1y,
and D. only comes from r.. The cases where r; = r; or r; = ry will be
dealt with separately. We argue that due to the sequence of the moves, if
D is restricted to cover only consumers on r:, it should be the case that
firms would choose = > y > 0 with Dy, coming from all three rays.

When we focus on the cases where firms are not local monopolists, the
optimal price and location choice should satisfy the conditions that 1 = 1
for all firms. We analyse the game backwards and start with firm z's best
response. As analysed previously, #. = 1 gives z = P‘%-V"" The marginal
consumer t,, is determined by

Vor(z—ty)—ps=V —7(y+1ty:) —py.

This givest,; = Z=-¥P=Pv The demand for firm z is therefore

T+V +1y—2p:+py

Dy =1—1%; = 27

The optimisation problem is therefore
4 -2
masx (-r-&- + 1Y p,+p,) e

2T
The FOC gives

e T+V-:'ry+p, Gt itom 51'—~3V4t1'y+p,.

Now we turn to firm y's decision. Firm y is in competition with bath
firms. It takes (ps,x) as given and it takes into consideration firm z’s best
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response. We focus on the case where D, comes from all three rays. The
condition £, = 1 gives y = E‘# The marginal consumer ., located on
s, I8 1(‘—'4;&51 The demand for firm y is therefore

f(=—9)+p=—py+ 7(z—y)+p:—py
27 2T \

Dy=1+
Substituting in the condition f, = 1 and 2’s best response gives
T2+ V +p; — 3
Dy =1 ——-——pt
= id 27
The optimisation problem for firm y is

1'.‘.-:+V+p,——3gﬁ
mps:x(l+ > )p,.

The FOC and the condition #, = 1 give
_2r+7a+V+ps sl = 81'+'rz+px—5V'
6 67
Finally, we analyse the choice of (p.,z) taking into consideration both firms
y and z's best responses. The condition f, = 1 implies z = &:VJ Sub-
stituting in y's best responses gives

ip, — 37

Re =28 67

The optimisation problem is

4pz — 37
mpa..x (l o )p,.

The FOC and the condition ; = 1 give

9 17r — 8V
Py /= §'ra= 1.1257 and z = e

jFrom the best responses and { = 1, the prices and locations for the
other two firms are

i 157 — 8V 157 317 - 16V
=g =~ 0.8757, y = —B;—.Ps—l—smﬂ.%?r,and s i

The marginal consumers are

1

t,,,=aand tl"=ﬁ‘
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The resulting profits for the firms are
27
e=(1—ty)p: = ~3—2-‘r = (.84,

14
my=(1+tey + )0y = TTST 2 1.157.

225
e =(1— ty:)pz= T e 0.887.

Firm z gets higher profit when its demand comes from three rays. Fur-
thermore, 7, < m,. This can never be an equilibirum.

(3) Make sure that z does not want to choose to locate on r; and ry,.

To achieve this, we impose the restriction that in the above proposed
equilibrium, z > 0. Note that [); comes from all three rays in our proposed
equilibrivm. If in equilibrium, z > 0 and r; # r; # ry, z does not have
incentive to move into rays = and y. The condition we require is

1435 V 1435
nﬁg—:bﬂorV{—ﬁEr—vl.?ﬁf.

(4) All the equilibrium prices are positve, p; > 0, and {z,y,2} € (0,1).
The conditions are prices are satisfied. The restrictions on the positions

give

69 V
°<ﬁ_:<'!
409 V
and
0 1435_E
816

To satisfiy the restions simultaneous, we have
35
—r = 1.03r < V < 1.767.
31" 4

Together with the restriction that firms are not local monopolists, we have
the parameter range for our proposed equilibrium as

2275
T(_iﬁf ~ 1.397 <V < 1.767.
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