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K3 AVIVUFT7TORERFAH (CoxBRSITOER)

oo o Exp (B) 1095.0% Cl

B B Wald BHE | BREIL | Exp (B R R

CRP #i —0.831 0.407 4,168 1 0.041 0.436 0.196 0.967
CRP # 1.011 0.530 3.635 1 0.057 2.747 0.972 7.764
F B 0.243 0.115 4.472 1 0.034 1.274 1.018 1.596
BB —0.053 0.054 0.950 1 0.330 0.949 0.853 1.055
MTX —0.426 0.302 1.990 1 0.158 0.653 0.362 1.180
steroid 0.184 0.166 1.234 1 0.267 1.202 0.869 1.664
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R DOV F (RA) DREDDPINIFEIREERECTH ), SRHMRRICKIDETTD., BEMRRDETE
SBREFICKD—RTEOD. RESELAIC 75%DRIDESINT LD, RA DRINODOEEERIRE, &
BICEDODNCRNRICINZ 2hhBEB D quality of life (QOL) ([CDEHD. HFE, EMENRFDEREIC
&0 RA OBBMRIRIBEICDWTEBSNT LD, HADBRERART(E, R RA TRIEIRIENIEIRBE
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Progression of bone and articular destruction and QOL.

Tokyo Women's Medical University, Deparmment of Orthopaedic Surgery

Katsuaki Kanbe, Kazuhiko Inoue

The joint dysfunction caused by bone and articular destruction is the most important pathology in rheuma-
toid arthritis (RA) patients. The progression of bone and articular destruction starts within five years from dis-
case onset, however depending cach case inflammation. Quality of life {QOL) of RA patients needs early
stage treatment to prevent joint destruction. We recognized villonodular synovial proliferation is signifi-
cantly correlated with early stage RA. Therefore to decrease those synovium leads to prevent joint destruc-
tion. Biological therapy itself can not inhibit villonodular synovial proliferation in effect attenuation cases.
Arthroscopical synovectomy is effcctive to remove those synovium and restore the effect of biological ther-
apy. It is needed that detail analysis of improvement of joint destruction by biological therapy near future to
lead the improvement QOL of RA patients.
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Abstract To investigate histological evidence of bone
remodeling in response to infliximab for rheumatoid
arthritis (RA), bone marrow tissues were extracted from
ten RA patients at the time of total knee arthroplasty after
treatment of infliximab for an average of 16 months (range,
8-24 months). The patients had a mean age of 65.3 years
(range, 57-76 years) with 4.8 mg/week of methotrexate
(MTX; 4-6 mg) and 3.8 mg/day of prednisolone (2—-5 mg).
Control samples were obtained from ten RA patients who
did not undergo infliximab therapy. These patients had an
average age of 67.6 years (range, 59-78 years) and received
5.2 mg/week of MTX (4-6 mg) and 4.0 mg/day of
prednisolone (2-5 mg). Histological examination of struc-
tural differences between the infliximab and control groups
. in bone marrow was performed using hematoxylin and
eosin (H & E) to evaluate differences. In immunohisto-
chemical examination, the expressions of tumor necrosis
factor-a (TNF-ov), interleukin-6 (IL-6), receptor activator of
nuclear (kappa) B ligand (RANKL), osteoprotegerin
(OPG), and osteopontin (OPN) were compared between
both groups. H & E staining revealed that the bone marrow
tissues of the RA patients who underwent infliximab
therapy demonstrated newly formed thickness of interstitial
septum among the trabeculae as compared with the control
group. Moreover, immunohistochemical examinations
revealed that TNF-«, IL-6, RANKL, OPG, and OPN were
expressed in this newly formed bone after infliximab
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therapy. Therefore, treatment with infliximab improved
the histological changes with respect to bone metabolism
in the newly formed bone marrow tissues.

Keywords Bone - Histology - Infliximab -
Rheumatoid arthritis

Introduction

Recently, anti-tumor necrosis factor-o« (TNF-«) therapy has
been used in patients with rheumatoid arthritis (RA) to
control inflammation and inhibit bone and joint destruction
associated with methotrexate (MTX) therapy. Infliximab is
an anti-TNF-a monoclonal antibody that blocks TNF-«x for
inhibiting cytokines and synovial inflammation {1]. Several
studies have reported changes in bone metabolism after the
use of infliximab [2, 3); however, there has been no
description of histological changes after infliximab therapy
despite improvement seen on X-ray or magnetic resonance
imaging [4]. Some patients with RA have shown improve-
ment in bone atrophy or erosion in early RA in X-rays and
improvement in bone absorption of elements such as N-
telopeptide of type I collagen (NTX) or bone alkaline
phosphatase (BAP) [2]. However, X-ray examination does
not reveal why bone atrophy or erosion is improved. To
assess the mechanism of improvement in bone metabolism,
we performed histological examination in bone marrow
obtained from patients who underwent total knee arthro-
plasty (TKA) after receiving infliximab therapy. On the
other hand, several anti-TNF therapies have been evaluated
recently; these include etanercept (a fusion protein consist-
ing of the extracellular ligand-binding domain of the 75-kDa
receptor for TNF-x and the constant portion of human IgG,)
[5], adalimumab (a fully human anti-TNF-& monoclonal
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antibody) {6}, tocilizumab (anti-interleukin-6 [IL-6] recep-
tor) [7], rituximab (anti-cluster of differentiation 20) (8],
and abatacept (cytotoxic T-lymphocyte antigen 4-immuno-
globulin) [9] for treatment of RA. Based on the hypothesis
that TNF-« therapy induces bone remodeling, we con-
ducted an immunohistochemical study of bone marrow to
analyze the expression of bone metabolic markers including
RANKL, OPG, and OPN along with TNF-« and IL-6. This
study presents the histological changes observed in bone
marrow after the use of infliximab. This is the first report of
histological evidence that infliximab induced bone healing.

Materials and methods
We treated 203 RA patients with infliximab from August

2003 to March 2007 in our hospital in Japan. After infliximab
therapy for an average of 16 months (range, 8-24 months),

bone marrow tissues were extracted with informed consent -

from ten RA patients at the time of TKA, which was
performed because of severe joint destruction with pain.
The disease duration was an average of 11 years (7-21 years)
and patients had a mean age of 653 years (range, 57—
76 years), one male and nine females. They received 4.8 mg/
week of MTX (4-6 mg) and 3.8 mg/day of prednisolone (2
5 mg). According to Steinbrocker criteria [10), the infliximab
group was classified as follows: class III, seven patients;
class IV, three patients. Control samples were obtained from
ten RA patients who did not undergo infliximab therapy.
These control patients had an average age of 67.6 years
~ (range, 59-78 years), two males and eight females, and
received 5.2 mg/week of MTX (4-6 mg) and 4.0 mg/day of
prednisolone (2-5 mg) at the time of TKA, with informed
consent. The disease duration of control groups was an
average of 12.2 years (6-19 years). According to Steinbrocker
criteria, the control group was classified as follows: class III,
seven patients; class IV, three patients. All patients who took
part in this study were diagnosed according to the criteria of
the American College of Rheumatology {11]. All samples of
both groups were taken from medial condoyle at 2 cm from
knee joint surface for same condition of taking place in bone
marrow. None of the patients had a history of hormone
replacement therapy (estrogen) nor had undergone bone-
sparing therapy, including bisphosphonate or calcium sup-
plements. Infliximab was administered by intravenous
infusion at a dose of 3 mgkg at baseline, then at 2 and
6 weeks, and then every 8 weeks. The clinical findings were
as follows: urinary NTX, 58.5+4 nM bore collagen
equivalenymM Cr (nM BCE/mM Cr) in the infliximab
group and 73.4+8 nM BCE/mM Cr in the control group;
and BAP, 14.4+4 U/ in both the infliximab group and
13.1+2 U/l in the control group. X-ray examination of the
knee joint was performed before and after infliximab
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treatment and results from the two groups were compared
at the nonoperative site. Serial paraffin sections of the bone
marrow (5 pm) were stained with hematoxylin and eosin
(H & E). For immunohistochemical examination, the tissue
sections were blocked for 10 min in phosphate-buffered
saline containing 20% rabbit serum and then incubated
overnight at 4°C with the following antibodies: anti-human
osteopontin (OPN) mouse monoclonal antibody (1:250
dilution; Novocastra, Newcastle, UK), anti-human osteopro-
gerin (OPG; H-249) rabbit polyclonal antibody (1:200; Santa
Cruz Biotechnology, CA, USA), anti-human receptor acti-
vator of nuclear (kappa) B ligand (RANKL; FL-317) rabbit
polyclonal antibody (1:200; Santa Cruz Biotechnology, CA,
USA), anti-TNF-oc mouse monoclonal antibody (1:1,000;
Biogenesis, Pool, UK), and anti-human IL-6 rabbit poly-

‘clonal antibody (Rockland Inc., Gilbertsville, PA, USA).

After treatment with the second antibody, we compared the
expression pattern of TNF-«, IL-6, RANKL, OPG, and OPN
with that of the control group. Disease Activity Score 28
(C-teactive protein) levels [12] were also compared between
the two groups at the time of histological examination. For
microscopic evaluation, in each patient studied, a minimum
of two different bone marrow tissue samples were examined.
Microscopic evaluations were performed as described before
[13] by one observer (KK) who was blinded to the name of
patients. Cytokinie and bone metabolic marker staining were
assessed by estimating the number of positively staining
cells in the ten different areas in bone marrow. All sections
(minimum of two different bone marrow samples per

. patient) were examined and results were expressed as a

mean for immunohistochemistry. Positivity was noted when
complete staining of the cells was observed. Thickness of
interstitial septum (TIS) in bone marrow was estimated by
assessing all visible thickness of interstitial septum with cells
in all bone marrow samples at a magnification of X200 by H
& E. Ten random readings per high-power field were
recorded and the results expressed as a mean percentage
(positive fields out of ten random fields) with standard
deviation (SD) in each sample. Statistical analysis was
performed using the Mann—Whitney U test for continuous
variables and the chi-square test for categorical variables
between the two groups. P values of less than 0.05 were
considered significant. '

Results

H & E staining revealed that the bone marrow tissues of
the RA patients who underwent infliximab therapy demon-
strated newly formed TIS, along with cell proliferation
among the trabeculae (Fig. 1a,b). The TIS was significantly
increased in the infliximab group as compared with the
control_group [1.7(0.5) vs. 85(7.2) respectively; p=0.024]
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Fig. 1 Control group: a, ¢, €;
infliximab group: b,d, f; H& E:
a, b; TNF-a: ¢, d; IL-6: e,
(magnification x200)

(Table 1); however, control group demonstrated thin septum
of bone marrow with few cells. The immunohistochemical
examinations revealed that TNF-a was increased in
proliferation cells of TIS in infliximab group; on the other
hand, control group was also positive in few cells. IL-6 was
positive in fibroblastic cells of TIS in infliximab group and
control group was also positive in few cells (Fig. 1c—f). In
control group of IL-6, positive density was stronger than
TNF-«. RANKL was increased in TIS in infliximab group;
however, control group showed negative results (Fig. 2a,b).
OPG was positive in several cells in TIS in infliximab
‘group compared with no staining in control group (Fig. 2c,d).
OPN was positive in TIS in infliximab group more strongly
than in the control group (Fig. 2e,f). The numbers of
positively staining cells of TNF-x, IL-6, RANKL, OPG,

Table 1 Comparison of histological finding after treatment by infliximab

and OPN in TIS were increased significantly compared
with the control [mean (SD) 41(3.7), 37(4.5), 32(4.6), 41
(3.3), and 36(4.3) vs. 17(4.5), 14(2.6), 3.6(0.7), 2.5(0.5),
and 3.5(0.1) respectively; p<0.05] (Table 1). X-ray exam-
ination revealed that bone atrophy improved at the
nonoperative site in eight of the ten patients and joint
narrowing improved in only one of ten patients. The
improvement of bone atrophy by X-ray almost paralleled
with TIS-positive percent in infliximab group. In the
infliximab group, NTX was significantly decreased com-
pared with the control group (»<0.05). These findings
provided the evidence that treatment with infliximab
induced the histological changes of TIS formation in bone
marrow with respect to bone metabolism for the newly
formed bone tissue.

TIS TNF-& L6 RANKL OPG OPN
Control (n=10) 1.7 (0.5) 17 4.5) 14 (2.6) 3.6 (0.7) 2.5 (0.5) 3.5(0.1)
Infliximab (n=10) 85 (7.2)* 41 (3.7)* 37 4.5) 32 (4.6)* 41 (3.7)* 36 (4.3)*

Results expressed as mean (SD) percentage of positive fields of TIS by H & E and positively staining cell numbers by immunohistochemistry

TIS Thickness of interstitial septum in bone marrow
*p<0.05
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Fig. 2 Control group: a, ¢, e;
infliximab group: b, d, f;
RANKL: 8, b; OPG: ¢, d; OPN:
e, f (magnification x200)

Discussion

It has been reported that bone remodeling of joint

destruction occurred after undergoing the biological thera-
py, infliximab, for the treatment of RA [14]. However,
histological examination was not performed to confirm the
bone remodeling in terms of microstructural improvement.
In this study, we detected TIS in fibrous bone tissue along
with cell proliferation inside bone marrow using H & E
staining, which showed TNF-«, IL-6, OPG, OPN, and
RANKIL. Because there is no fibrous bone tissue with cell
proliferation in the bone marrow of control patients with
RA, these cytokines and bone metabolic markers were not
strongly found during immunohistochemical examination.
RANKL, OPG, and OPN were detected in chondrocytes in
deep layers of calcified cartilage near the subchondral
region in normal bone [15). OPG levels were increased in
osteoblasts, RANKL levels were increased during differen-
tiation of osteoclasts, and OPN levels were increased in
hypertrophic chondrocytes in the deep layer of cartilage
[15]. To achieve bone remodeling, it may be important to

increase the metabolism of osteoclasts and osteoblasts for -

the formation of new bone marrow tissue. There was
increased cell proliferation in bone marrow after anti-TNF

@ Springer

“therapy. Therefore, after infliximab therapy, bone remodel-

ing was increased in terms of TIS and cell proliferation. It is
difficult to understand the mechanism of change in cytokine
production patterns in new tissue cells; however, histolog-
ical confirmation of this mechanism is valid if new cytokine
blockers are to be developed as biological agents for treat-
ment of RA. In this study, X-ray examination showed that
only bone atrophy was improved in large joints such as the
knee after infliximab treatment in 80% of cases, which is the
clearest evidence of bone improvement. Histological evidence
of TIS in the newly formed bone marrow offers a possible
explanation for the observed improvement in atrophy.

It has been reported elsewhere that bone metabolism
markers, such as NTX and BAP, improved after 6 months
of treatment with infliximab [2, 3]. NTX is considered to be
a more sensitive marker than BAP or deoxypyridinoline,
which are bone formation markers; however, its mechanism
is still unknown. In our data, NTX was improved after
infliximab treatment but BAP was not changed significant-
ly. The histological change of TIS was found in all patients
who received infliximab. Therefore, these bone markers
may not explain all the bone remodeling observed on
histological examination. TNF- activates osteoblasts to
induce RANKL for differentiation of osteoclasts [16] or it
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directly activates the macrophages, which are the ante-
cedents of osteoclasts, and finally guides the differentiation
of macrophages into osteoclasts [17, 18]. Cell proliferation
in TIS of bone marrow was apparently induced with
infliximab therapy. TNF-a may be needed to stimulate
bone remodeling such as in fracture healing. Furthermore, in
this study although TNF therapy was administered, expres-
sions of both TNF-a and IL-6 were detected. It is possible
that these cytokines may be needed or important for bone
formation in patients undergoing treatment with infliximab
during bone healing. These findings indicated that inflix-
imab activated bone metabolism and that new bone tissues
were confirmed in the bone marrow by histology.
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A Novel Method to Express SNP-Based Genetic Heterogeneity, ¥,
and Its Use to Measure Linkage Disequilibrium for Multiple SNPs,
D,, and to Estimate Absolute Maximum of Haplotype Frequency

Ryo Yamada* and Fumihiko Matsuda
Center for Genomic Medicine, Graduate School of Medicine, Kyoto University, Kyoto, Japan

Single nucleotide polymorphisms (SNPs) are important markers to investigate genetic heterogeneity of population and to
perform linkage disequilibrium (LD) mapping. We propose a new method, ‘¥, to express frequency of 2™ haplotypes for N,
di-allelic SNPs. Using the new expression of haplotype frequency, we propose a novel measure of LD, D,, not only for SNP
pairs but also for multiple markers. The values of D, for SNP pairs were revealed to be similar to values of conventional
pairwise LD indices, D' and 7%, and it was revealed that D, quantitated components of LD that were not measured by
conventional LD indices for SNP pairs. Also we propose a distinct method, D,-based absolute estimation, to infer the
absolute maximum estimates of haplotype frequency. The result of the Dg-based absolute estimation of haplotype frequency
for SNP pairs were compared with the conventional expectation-maximization (EM) algorithm and reported that the
new method gave better inference than the EM algorithm which converged infrequently to a local extreme. Genet.
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INTRODUCTION

DNA molecules are chemical compounds that carry
genetic information in living organisms. As carriers of
genetic information, they have to be homogeneous
enough to maintain identity of species and successful
reproduction (speciation hypothesis) [Rieseberg 2001;
Noor et al., 2001; Navarro and Barton, 2003; Rieseberg
and Livingstone, 2003]. On the contrary, they carry
heterogeneity that is believed to give benefit to
species for survival in ever-changing environments
(adaptation) [Hartl and Clark, 1997a). Heterogeneity
of DNA sequence in a population is balanced
between pressures in the two directions, toward the
homogeneity or clonality and toward the heterogene-
ity or randomness.

To clarify the heterogeneity of DNA sequence
population, let us assume two extreme populations.
In one population, all the DNA molecules are
completely identical, in other words, a clonal
population. In the other one, any nucleotide in the
DNA molecules is randomly selected. In this
random population, any site in the DNA molecules
is polymorphic, and no association exists between
sites or between sets of sites. We define the
randomness of polymorphism of individual sites as
“allele frequency-randomness” and the randomness
between sites or between sets of sites as “inter-site

© 2007 Wiley-Liss, Inc.

randomness”’. Because only a small fraction of
nucleotide sites in a species is polymorphic, the
inter-site randomness is observed only among the
polymorphic sites. The pressures toward the clon-
ality of individual sites include selection by favor-
able phenotypes, unsuccessful reproduction through
excessive discrepancy between sequences from ga-
metes and genetic drift due to finite effective
population size with unbalanced transmission. On
the contrary, mutation and recombination of the
genetic material to descendent increase the allele
frequency randomness and the inter-site randomness
[Hartl and Clark, 1997b].

Since the genome sequences from multiple organisms
were determined, one of major research targets has been
the investigation of intraspecies variations [Collins
et al, 2003]. As reported in Drosophila, recombination
rate seemed correlated with the presence of nucleotide
polymorphisms [Aquadro et al., 1994]. Therefore the
allele frequency-randomness of individual nucleotides
and the inter-site randomness should be quantitated
together. Unfortunately nucleotide diversity, the most
popular parameter to quantify heterozygosity at the
nucleotide level does not take into account the LD
[Hartl and Clark, 1997c]. On the other hand, LD indices,
such as I’ and 7* as well as multiallelic D’ quantitate
only allelic inter-site dependency [Devlin and Risch,
1995; Zapata, 2000].
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Because single nucleotide polymorphisms (SNPs) are
the most common variations [Kidd et al., 2004] and the
LD mapping using SNPs is a very promising method
to investigate genetic background of various pheno-
types, [Morton, 2005], we propose a new method, ¥, to
express the allele frequency-randomness of individual
sites and the intersite randomness for diallelic markers
together by a uniform expression. The introduction
of ¥ enables us to propose Dg as a novel measure of
LD for multiple SNPs, which will be beneficial for
genetic studies because only limited measures of LD
for multiple loci are currently available, such as ¢
[Nothnagel et al., 2002], are now limited.

Also using ¥, we propose a new method to infer the
absolute maximum estimate of haplotype frequency.
Although the conventional expectation-maximization
(EM) algorithm is known to give a local maximum
periodically [Nin, 2004}, ¥-based method enables us to
overcome the shortcoming and to infer the global
maximum of haplotype frequency for SNP pairs, we
compared both methods and verified that the conven-
tional EM scarcely converges to a local maximum.

INTRODUCTORY EXAMPLES

Before we give generalized expressions of ¥ and
Dg, some examples are introduced.

INCOMPLETENESS OF PAIRWISE LD INDEX

Assume three SNP sites, S = {s4,sp,5c}, and their
eight haplotypes

H = {IIABCII, IIABCII, IlAbCII, IIAbCII, llaBCII’ IIaBCII’
Ilabcll’ Ilabcl’}'

When their haplotype frequencies are

F1 ={faBc,fac,fabC, fAbes faBC: faBes fabCs fabe}
={0.125,0.125,0.125,0.125,0.125,0.125,0.125,0.125}

or
F, ={0.25,0,0,0.25,0,0.25,0.25,0}

pairwise 7¥*’s [Devlin and Risch, 1995] of three SNP
pairs for both F; and F, are 0, because frequencies of
four haplotypes for each pair are {0.25,0.25,0.25,0.25}
for both cases (See Columns 1 “F1” and 2 “F2” in
Table I). Although the two cases are apparently
different in terms of LD, their pairwise LD index
values are the same. This difference implicates that
there are components of LD which three pairwise LD
indices can not describe. In this article, we propose a
LD measure D, to quantitate all LD components.

CALCULATION OF ¥ AND D,

¥ is a novel system to express haplotype frequen-
cies and D, is a new measure of LD for multiple sites.
From haplotype frequencies, ¥ is calculated initially,
and D, is deduced from Y.

Genet. Epidemiol. DOI 10.1002/ gepi

Transformation of F; to ¥ and ¥ plots. ¥ =
{Veupset} for SNP trio S has eight elements, each of
which corresponds to a subset of

S : {{d}(empty), {sa}, {sB}, {sc}, {sa, S8}, {54,5¢},
{sB,sc), {54,58,5¢c}).

The ¥ elements for each subset are defined with
frequency of their alleles (f,: frequency of haplotype
or allele “x’’) as below:

Vo =1,

Vs, = fa — fa,
Vs, = f8 = fos
Vs = fc ~ fo

Vs, 55 = faB — fab — faB + fab,

\l]SA»SC = fAC _fAL‘ - faC +fac:

‘IISBySC = fBC "ch "be +fbc,

Vs, sp.sc = faBC — faBe — favc + fabe — faBC + faBe
+ fabc — fabe-

Table I gives frequencies of three sites, three site-pairs
and trio as well as the corresponding ¥s. For the
case of F;, ¥ ={1,0,0,0,0,0,0,0}.and for F,, ¥ =
{1,0,0,0,0,0,0,1}. The first seven elements of ¥ for
both cases are the same and the last element, {, . ..,
represents the difference between the two.

It is noticed that there is a rule of alternation of
positive/negative signs in the expression of ¥’'s with
frequency of haplotypes, implicating that the expres-
sion will be generalized for more nucleotide sites as
shown later in this article. Also it is noticed that the
introduced variables are in the hierarchic and nested
structure. In other words, the elements of ¥ for three
sites are consisted of the elements of ¥’s for subsets of
sites with an additional component specific to the
trio. The nested structure is visualized as ¥ plots in
Figure 1(a) with detailed description of its structure.
The ¥ plots tell that the difference between F; and F,
is located into the row on the bottom, that stands for
the trio. ¥ for the trio contains ¥ for SNP pairs. The
four circles in the upper left of ¥ plots, corresponding
to Vg, Vs, Vs, and Vg, o, create a rhombus that is ¥
plot for the site-pair. Two other rhombuses for site-
pairs, {s4,sc} and {sg, sc} exist in the ¥ plot of the trio
as well. All circles except for Y, ,, .. are a part of at
least one of three rhombuses for site-pairs. Figure 1(b)
shows structure of ¥ plots of one to seven sites. The ¥
plot of n sites contains ¥ plots of n—1 sites in its
inside. All the elements in the ¥ plot of n sites except
one circle at the bottom are a part of at least one of ¥’s
of n—1 sites as shown in Figure 1(b).

Calculation of D, from ¥ and D, plots. D,
quantitates LD for division patterns of multiple SNPs.
For example, a division, (sa,ss,sc) — {(54,58),(sc)}
means a division of three SNPs into a SNP pair (54, S)
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TABLE 1. Continued.
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(s8), (sc))

(54,58,5¢) —

—

dg

—_~
=
=
\)
)
~
~
@
)
o
~

-

d((sa5p.50) >

{(sa,5c), (sB)D)

dg((sasp,5c)

0.286

0

{(54), (s, 50)1)

dg((SA,SB,SC) had

Yamada and Matsuda

0.2

0 0.194 0

0.286

0

{(s4), (s8), (s0)D)

and a single SNP sc. There are seven division patterns
for three sites:

(s4,58) = {(s4), (sB)},
(sa,sc) = {(sa)s (s0)}s
(s,sc) = {(s8), (s0)}
(s4,58,5¢) = {(sa,58), (S0)},
(sa,88,5¢) = {(s4,5¢), (s8)},
(s4,88,5¢) = {(s4), (s8,50)},
(s4,58,5¢) = {(54), (B), (5¢)}.

The first three divides a SNP pairs into two single
SNPs. The next three split a SNP trio into a SNP pair
and a single SNP. The last divides a SNP trio into
three single SNPs.

The elements of D, = {dg((subset;) > {(subset;),
(subsety), ..., (subsety)})}, correspond to divisions.
We define D, as below. Of note when the denomi-
nator of either expression in the parenthesis is zero,
take the other value.

dg((s4,58) > {(s4),(sB)})

- "lSA»SB+1 >< ‘I’SA;SB_I >)
‘max((l VoV 1)U 70, X0, 21 )
dg((sa,5c)— {(s4),(50)D)
- \I’,SASC+1 \I’SA,Sc—l ))
‘ma"((l wsAstcH) (1 Vo x V1))
dg((sB,sc)— {(sB),(sc)})
_ ‘llss,sc+1 ) ( "l"SB,Sc_l ))
‘““"‘((1 Voo Vo 1)U 70 x ¥ 21) )
dq((54,58,5¢) = {(54,58),(5¢)})
_ Vspspsc +1 )( Yspsmsc — 1 ))
‘m""‘«l AT ) Al ST s
dg((s4,58,5¢) = {(54,5¢),(sB)})
'g . \|’5A58»5C+1 ) ( "I,SA,SB»SC >1 ))
5 —max( (15 285 5) (15225 5))
2 dy(Gases0)— (58,50 6a))
:m — \IJSA,SB,SC+1 ) ( \I’SA,SB,SC 1 ))
5 ‘“‘a"((l Vapse < Ve 1)\ Vouse ¥, 1))
A dg((sa,58,5¢) > {(s4),(sB),(sc)))
|
g _ VspspscH1
p ‘“‘a"<(l‘¢sAx¢:fstc+l)
: (1-gbmassl ).
C‘)’ ‘l’sA x‘l’s; x‘l’sc—l ’
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