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Table 1. Comparison between the bivariate power distribution P(1,5) of KulldorfP’s circular scan statistic
and Tango and Takahashi’s flexible scan statistic for the hot-spot cluster A = {14,15,20}. The nominal
a-level was set to 0.05 and 1000 trials were carried out [11]. .

. Kulldorff . Tango and Takahashi
. Include s : Include s
‘ . hot-spot regions - ] hot-spot -regions
Length I O 3 Total Length [ 0 1 2 3 Total
1 0 0 : 0 1 0 0 0
2 1 0 0 . - 2 0 0 0 i 0
3 0 0 0 738 738 3 0 0 0 142 142 -
4 0 0 0 134 134 4 0 0 0 116~ 116
5 0 0 0 39 39 5 0 0 0 137 137
6 0 0 0 12 12 6 0 0 0 149 149
7 0 0 0 9 9 7 0 0 0 165 165
8 0 0 0 1 1 8 0 0 0 131 131
9 0 0 2 3 5 9 0 0 0 84 84
10 0 .0 0 2 2 10 0 0 0 27 27
11 .0 0 0 4 4 11 0 -0 0 11 11
12 0 0 0 12 12 12 0 0 0. .2 2
13 0 0 - 0~ 14 14 13 0 0 0 0 0
14 0 0 0 3 3 14 0 0 0 0 0.
15 0" 0 0 6 6 15 0 0 0 0 0
 Total 1 0 2 977 - 980 Total 0 0 0 964 964
ST Uil power = 0980 S i Usual power =0964 "~ -

useful information for evaluating the CDT performance. An observation of the bivariate power
distribution suggests that it can be summarized into a single index that takes a value in the -
interval [0, 1]. ‘ » .

We now define the extended power of the CDTs based on the bivariate distribution P(l,s)

by introducing penalties for the FPs and FNs as

Iw™,wH=3 S wW(l,s; w',wf)P(Z,s) (.Z)A

12150 .

where W(l,s;w™,w'") is a weight function such that

VA —minfw =), 1)) (=m0 =17 .
(5w, wh)= (<LO<s<s™1<D) ' 3)

L0 (otherwise)

and w~ and w* are the predeﬁﬁed penalties for the FNs and FPs (per regibn), respectively,
with the following constraint:

oswrsw <1 ‘ 4)
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Table IL Companson between the bivariate power distribution P(l,s) of KulldorfPs circular scan
statistic and Tango and Takahashi’s flexible scan' statistic for the non-circular hot-spot cluster
C={14,15,26,27}. The nominal a-level was. set to 0.05 and 1000 trials were carried out [11].

Kulldorff Tango and Takahashi
Include s Include s

hot-spot regions hot-spot regions :

Length!l 0 1 2 3 "4 Total Length/ 0 - 1 2 3 .4 Total
1 1.0 1 1 0 0 0
"2 0 0 351 351 2 0 0 0 0
3 2 0 4 0 6 3 60 0 0 0 -0
4 0 0 3 0 0 3 4 6 .0 .0 0 138 138
5 2 0 2 0 0 4 5 0 0 o0 3 147 150
6 1 0 0 0 0 1 -6 1 0 0 2 200 203
7 0 o 0 81 0 81 7 0 1 o© 4 147 152
8 0 0 10 18 38 66 8 6 0 2 .9 107 118
9 0 0 2 0 26 28 9 0 0 0 10 71. 81
10 0 0 0 29 3 32 10 1 0 2 5 28 36
11 0 o0 1 13 1 15 11 0. 0 0 0 10 10
12 0 o0 2 4 60 66 12 0 0 © 0 2 2
13 0- 0 0 5 62 67 13 0 0 0 0 0 0
14 0 0 0 10 27 37 14 0 0 0 0 0 0
15 0 0 0 6 37 43 15 0 0 0 0 0 0

Total 6 0 375 166 254 801 Total 2 1 4 33 850 890
i " Usual power=0.801 """ """ 77 7 "7 {Ugial power =0.890

‘The inequality between w~ and w* is set because it is natural to consider that an FN is
more important for a CDT than an FP. It shiould be noted that W (I,s;w~,wt) implies the
. geometric mean of ‘1—penalty for FNs’ and ‘1—penalty for FPs,” hence we can easily obtam
0<Ig ‘Next we consider the following three special cases:

Low~ -w+ 0, ie. 1(0,0)= ", 350 P(l,5) equals the usual power.
C2.wm=whr=1, ie I(1, 1)=P(s*,5*) denotes the power to detect the true cluster accu-

rately. .
3.wm =1 wf=0, ie I(1,0)= 3, P(l,s*) denotes the power for which the MLC in-

cludes all ‘the regions within the true cluster.

The weight function W ([, s;w~,w") and the estimated extended power I{(w™ w+) for these
three spec1a1 cases are shown in Table III for Kulldorff’s and Tango and Takahashi’s scan
statistics using the simulated results of Table I (circular cluster model A ‘with s* =3). All
three results show that Kulldorff’s scan statistic is better than that of Tango and Takahashi’s
for the circular cluster A, However, the difference varies with the values of w— and w™.

A natural procedure of determining these two penalties will be derived as follows. First,
we consider the penalty for the FNs given by

min{w™(s* —s),1}
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AN EXTENDED POWER OF CLUSTER DETECTION TESTS ' ' 347

Table IIL Welght function W (I,s;w™,w") and estimated extended power I(w™,w") for Kulldorﬁ’s ,
circular and Tango and Takahashl s flexible scan statistic tests for the:circular hot-spot cluster A.

On the other hand, the penalty for the FPs is given by
min{w*(l —s8),1} -

Copyright © 2006 John Wiley & Sons, Ltd.
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Include s Include s
hot-spot regions hot-spot regions
Length / 0 1 2 3 ~ Length ! 0 1 2 3
w(l,s;0,0) A w(l,s;1,1)
1 1 1 1 0 0
2 1 1 1 2 0 . 0 0
3 1 1 1 1 3 0 0 0 1
4 Jd 1 1 1 4 0 0 0" 0
5 1 1 1 1 5 0 0 0 0
~ 6 1 1 1. 1 6 0 0 0 0
7 1 1 1 1 7 0 0 0 0
8 1 1 1 1 8 0 0 0. 0
9 1 1 1 1 9 0 0- 0 0
-10 1 1 1 1 10 0 0 "0 0
11 1 1 1 1 11 0 0 0 0
12 1. 1 1 1 12 0 0 0 0
13 1 1 1 1 13 0 0 0 0
.14 1 1 1 1 14 0 0 0 0
15 1 1 1 1 . 15 0 0 0 0
KulldorfP’s I(O 0) = 0.980 . KulldorfP’s 7(1,1)=0.738
Tango and Takahashi’s 7(0, 0) = 0.964 Tango and Takahashi’s I(1,1)=0.142
. e W W(L51,0) e e (LS 1/3,1/3) L
1 0 0 1 0 0577
2. 0 0 0 2 0 0.471 0.816
3 0 0 0 1 3 0 0.333 0.667 1
4 0 0 0 1 4 0 0 0.471 0.816
5 0 0 0 1 5 0 "0 0 0.577
6 0 0 0 1 6 0 0 0 0
7 0 0 0 1 7 0 0 0 -0
8 0 0 0 1 8 0 0. 0 0
9 0 0 0 1 9 0 0 0 0
10 0 0 "0 1 10 0 0 0 0
11 0 0 0 1 11 0 0 0 0
12 0 0 0 1 12 0 0 0 0
13 0 0 0 1 13 0 0 0 0
14 0 0 -0 1 14 0 - 0 0 0
15 0 0 0 1. 15 0 0 0 0
KulldorfPs I(1, 0) = 0.977 KulldorfPs 1(1/3,1/3) = 0.870
Tango and Takahashi’s /(1,0)=0.964 Tango and Takahashi’s 1(1/3,1/3)=0.316
where s=1,. . If s=s* the FNs are eliminated and the penalty is set to Ze10. If s=0,
the penalty for the FNs attams the maximum Value of 1, ie. R
w(s* —0)~1 or wo=1/s* (5)

Statist. Med. 2006; 25:841-852



848 . " K. TAKAHASHI AND T. TANGO

where [=s,...,m. If [=ys, the FPs are ¢liminated and the penalty is set to zero. We assume
that the maximum allowable number of regions detected as the FPs is Io(= s*). Then, when
I=s+1, the penalty for the FPs attains the maximum value of 1, ie.

whly=1 or wt=1/l, o (6)

Generally, /o should be determined according to the ratio of the relative weight of ‘the FP
to that of the FN, ie. w*/w™, which might depend on the cost of misclassifications.

For the previous examples on the circular cluster model A, we consider the following two
cases for [o=s* and 10:2;*: -

1. ly=s* :Bf I(1/3, 1/3)=O.87O (Kulldorff) and 0.316 (Tango and Takahashi). The weight -
‘function W (l,s; 1/3,1/3) for this case is shown in Table III. -
2. lo=2s"=6: 1(1/3,1/6)=0.906 (Kulldorff) and 0.614 (Tango and Takahashi).

For the non-circular cluster model C.shown in Table II, we estimated the following
values: ' { o :

1. 1(0,0)=0.801 (Kulldorff) and 0.890 (Tango and Takahashi);
2. 1(1,1)=0.000 (Kulldorff) and 0.138 (Tango and Takahashi);
3. 1(1,0)=0.254 (Kulldorff) and 0.850 (Tango and Takahashi);
4. 1(1/4,1/4)=0.253 (Kulldorff) and 0.483 (Tango and Takahashi);
5. 1(1/4,1/8)=0.371 (Kulldorff) and 0.719 (Tango and Takahashi). ~

. These results indicate that Tango and Takahashi’s scan statistic_can detect the non-circular -

clusters such. a.s*C more. accurately as compared with that of Kulldorff’s.

4. PROFILE OF THE EXTENDED POWER

' In several cases; it is difficult to set the value of I, in advance. For déah’ng With such situations,
we consider a new measure J(w™,w*t) to be a function of the ratio r=wt/w™ (0<r<1)
with w™ =1/s*. Then, we define the profile of the exterided power as ‘

00 |s*)=I(1/s*#s"), (0 <r<1) )

which represents the extended power continuously for all the values of » where ly=s5*/r.
Figure 2 shows the plots of the profile Q(r|s*) against » (0 <r < 1) for the two types
of scan statistics applied to the circular cluster model A (Figure 2(a)) and the non-circular
cluster model C (Figure 2(b)). The profile Q(r|s*), where r= 1 implies the extended power
when w™ =w*, ie. lp=s* On the other hand, »=0.5 implies /o =2s*, and =0 implies that
Iy =00 and the penalties for the FPs is 0. In Figure 2(a), Kulldorf’s scan statistic is shown to
be uniformly ‘more powerful than that of Tango and Takahashi. The difference in the values
of I is very small when r is small, but it increases considerably with ». On the other hand,
Figure 2(b) shows that Tango and Takahashi’s scan statistic is uniformly more powerful than
that of Kulldorff, and the difference in the values of I appears almost constant irrespective
of the values of 7. In certain cases, depending on the shape of the frue cluster, there will be
situations that two values of I cross each other at some point »'. Therefore, the profile of
-the extended power is expected to play an important role in the' simultaneous evaluation an
comparison of several CDTs. ; ‘
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Figure 2. Profile of the extended power Q(r |s*) =I(1/s*,r/s*) for Kulldorffs circular and Tango and
Takahashi’s flexible -scan statistics: (a) A={14,15,20} (s* =3); and (b) C={14,15,26,27} (s* =4).

[
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5. GUIDANCE FOR THE APPLICATION

In this section, we will give some guidance for. the application of the proposed procedures
in order to investigate the performance of some CDT. At first, we consider a situation where
“the number of cluster is assumed to be one.

Step 0: As an entire study region, use a real region such as Tokyo Metropolitan area or area
of upstate New York where real regional populations and number of cases of some disease
under study are available.

Step I: Assume a true (practlcally feasible) cluster model where the location, the length
s* and its relative risk should be determined. Set P(7,s)=0.

Step 2: Under the above alternative hypothesis, generate a disease map based upon- a
random sample of » total number of cases. If possible, n should be set equal to the actual
total number of cases of disease under study.

Step 3: Apply the' CDT to the random sample. If we could identify the significant MLC
with [ and s, then set P(l,s) < P(l,s)+ 1.

Step 4: Repeat steps 2-3 on a large number of random replications (e.g.: 1000 tlmes) and
estimate the bivariate power distribution (1).

_Step 5: If we can easily set the value of /o, then calculate the extended power (2) where
w™ =1/s* and w™ =1/l,. Otherwise, plot the profile of the extended power (7).

" Of course, we can repeat the above procedure for a single different cluster model.
Next, we consider a situation when multiple non-overlapping clusters, say k kinds, of
different size and shape exist in the study area. In this case, the proposed extended power

" and its profile Can be” apphed in many ways.” Ofe “simiple “méthod Will be to estimate” a™~

single mtegrated bivariate power distribution where multiple true clusters are combined into
an integrated disconnected cluster area wherein the length of cluster area is defined as the
total number of lengths of individual cluster, i.e. s*=s} +55+--,s;. To perform this simple
method for multiple clusters, steps 1 and 3 of the procedure above, for a single cluster. model
should be modified as follows:

Step 1: Assume a cluster model consisting of k non-gverlapping true clusters where the
locations, the length sf,s3,...,sf and the1r relative risks 0;,0,,.. Gk should be determined.
Set P(l,5)=0.

Step 3: Apply the CDT to the random sample. If we could identify m s1gn1ﬁcant clusters,
i.e. the significant MLC with length /;, the significant secondary cluster with length I,..
and the mth cluster with length I, then set /<y + I, + -+- + I,, and count s true regions :
included in the identified./ regions. Then, set P(l,s)+ P(I,s) + 1.

6. DISCUSSION

Though the usual power has been widely used for evaluating the CDT, the usual power is not
always appropriate since the purpose of CDT is to-both reject the null hypothesis and identify
the cluster areas accurately. In order to evaluate the CDT, the key problem is two types of
misclassifications. One is FN, and the other is FP. Then, Tango and Takahashi [11] proposed
a bivariate power distribution classified according to the number of regions detected as the
MLC and the number of true hot-spot regions included in the MLC. The bivariate power
distribution shows us very useful information for evaluating the CDT performance. However,

Copyright © 2006 John Wiley & Sons, Ltd. Statist. ‘Med. 2006; 25:841-852
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AN EXTENDED POWER OF CLUSTER DETECTION TESTS 851 .

an observation of the bivariate power distribution suggests that it can be summarized into a
single index. ~

In this paper, we proposed a new measure termed extended power, which takes a value in
the interval [0, 1], to evaluate the performance of the CDTs. This extended power is defined
as the weighted sum of the bivariate power distribution P(/,s) wherein the weight is given by
the geometric mean of (1—penalty for the FNs) and (1—penalty for the FPs). This measure
includes the usual power as a special case.

The extended power could be-calculated by using dlﬁ"erent values of w~ and w*, which
means that the researcher could set different values under different situation. Any values
satisfying constraint (4) could be used depending on the situations. This expandability might
be desirable for some researchers. But for the researchers who are not familiar with this, it
" may be unhelpful. Then, we proposed the quantmes w~ =1/s* and wr =1/l as the values of
the penalties for FN ‘and FP, respectively, where s* is the length of the assumed true cluster,
and /[y is the maximum allowable number. of regions detected as the FPs. Theoretically, I,

should be determined according to the ratio of the relative. weight of the FP to that of the

FN. In general however, we think that [, =s* ~3s* are reasonable choices.

If we can estimate the average cost per region of the FNs and FPs, we. can cons1der the
cost comparison proposed by Tango and Takahashi [11]. Let C~ and C+ denote the average
costs of the FNs and FPs per region, and the random variables L and S denote the length

I of a detected cluster and the number of true regions s included in the detected cluster,
respectively. Then, s* — S represents the number of FNs, and L — S represents the number of

FPs The expected total _cost C is then glven by

c=cC- {E(s* —S)+rcE(Lv S)}

where 7, = C+/C“ is the ratio of the average cost of FNs to the average cost of EPs. In this
case, we also assume 7. < 1, similar to the case of the ratio » of the two penalties. Therefore,
it might be possible to set #=r, for. the proposed extended power:

However, in many situations, it might be difficult to set the value of Jy in advance. Then,
we proposed the profile of the extended power Q(r|s*), which can conveniently be used
- to evaluate and compare different CDTs without. fixing the value of the ratio r=w*/w™

- with w™=1/s*. The profile could be plotted automatically based upon the bivariate power
distribution P(l,s). This profile is expected to play an important role in the simultaneous
evaluation and comparison of several CDTs. The performance of CDT could be illustrated by
the plots of the profile clearly. Furthermore, if we can assume some prior distribution of
we can also consider the expected value of extended power as

ELO( 5] -—-‘A rp(r) dr O @®)

where p(r) is a probability density function of ». For example, when » is distributed according
to the uniform distribution U(0, 1), an area under the profile in Figure 2 implies the expected
power, and using this index, we can compare the performance of Kulldorf’s scan statistic and
that of Tango and Takahashi.

In the Monte Carlo simulation performed in ‘this study, the number of clusters was assumed
to be one. However, the proposed extended power of the CDTs and its profile can be applied
for multiple clusters of different shapes. In Section 5, we described a simple method in

Copyright © 2006 John Wiley & Sons, Lid. Statist, Med. 2006; 25:841-852
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which we apply the extended power and its profile to an integrated cluster area as an Gverall’
performance measure. However, this simple method ignores the variability of the FP and the
FN for individual true cluster and 'so, the method which can take such variability into account
might be better depending on the situation. We would like to leave such a method in our _

future work.
Finally, it should be noted that the proposed extended power and its profile aré solely based

upon a Monte Carlo simulation study, not.on some theoretical basis due primarily to the fact
that it is quite difficult to derive theoretical b1vanate power distribution for alternative cluster
models. ' :

’
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Optimal allocation of AED’s by maximization of supply effect on demand dénsity "
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Abstract: A probability density function of demand for automated external deﬁbrlﬂators
(AED’s) , Wthh is based on the distribution of demand points by kernel densfcy eshmatton
method, is esmmated from the data on occurrences of cardiopulmonary arrests. The pr obabﬂxty

*that someone can be saved by AED’s is formulated using probability of surwval to hospital

dlscharge “Supply effect” is expressed as demand density multiplied by’ this probability of

saving, and the locations of AED’s are optimized. by ‘maximizing supply effect in the entire

region. The results show {hat optimal locations tenid to cover the-center of the city and that the

supply effectis apprommately proportional to the number of AED’

.. Eeywords: AED (automated external deﬁbrﬂlator) WS (density. distribution), SFHIE (maximal |
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